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Ââåäåíèå

Äèñöèïëèíà ¾Ìàòåìàòèêà¿ îòíîñèòñÿ ê öèêëó îáùåíàó÷íûõ äèñöèïëèí.
Öåëü êóðñà � ôîðìèðîâàíèå íàó÷íîãî ìèðîâîççðåíèÿ ó ñòóäåíòîâ, ïðèîá-
ðåòåíèå èìè ìàòåìàòè÷åñêèõ çíàíèé, óìåíèé è íàâûêîâ, íåîáõîäèìûõ äëÿ
èçó÷åíèÿ äðóãèõ îáùåíàó÷íûõ è ñïåöèàëüíûõ äèñöèïëèí, à òàêæå ñàìîñòî-
ÿòåëüíîãî èçó÷åíèÿ ñïåöèàëüíîé ëèòåðàòóðû. Èçó÷åíèå êóðñà íåîáõîäèìî
äëÿ ôîðìèðîâàíèÿ ñïîñîáíîñòè ìàòåìàòè÷åñêîãî èññëåäîâàíèÿ ïðèêëàä-
íûõ çàäà÷, ïðàâèëüíîãî èñòîëêîâàíèÿ è îöåíêè ïîëó÷àåìûõ ðåçóëüòàòîâ,
à òàêæå ôîðìèðîâàíèÿ íàâûêîâ ñàìîñòîÿòåëüíîé èññëåäîâàòåëüñêîé ðàáî-
òû.

Äèñöèïëèíà ¾Ìàòåìàòèêà¿ äëÿ ñòóäåíòîâ çàî÷íîé ôîðìû îáó÷åíèÿ ÷è-
òàåòñÿ íà ïåðâîì è âòîðîì êóðñàõ. Â ïåðâîì ñåìåñòðå ñòóäåíòû âûïîëíÿþò
òðè êîíòðîëüíûõ ðàáîòû è ñäàþò ýêçàìåí.

Â äàííîì ó÷åáíîì ïîñîáèè ïðåäñòàâëåíû òðè êîíòðîëüíûõ ðàáîòû ïåð-
âîãî ñåìåñòðà. Äëÿ êàæäîé ðàáîòû óêàçûâàåòñÿ ñîäåðæàíèå äàííîé ðàáî-
òû, âàðèàíòû çàäàíèé è ïðèìåðû ðåøåíèÿ.

Êîíòðîëüíàÿ ðàáîòà ìîæåò áûòü íàïèñàíà îò ðóêè íà ëèñòàõ ôîðìàòà
À4 èëè ïðåäñòàâëåíà â ðàñïå÷àòàííîì âèäå. Ëèñòû äîëæíû áûòü ñêðåïëå-
íû ñòåïëåðîì, ïðè÷åì êàæäàÿ êîíòðîëüíàÿ ðàáîòà ñäàåòñÿ îòäåëüíî. Ðàáî-
òà ìîæåò áûòü íàïèñàíà îò ðóêè â òåòðàäè. Â ýòîì ñëó÷àå êàæäàÿ ðàáîòà
ñäàåòñÿ â îòäåëüíîé òåòðàäè.

Íà òèòóëüíîì ëèñòå óêàçûâàåòñÿ ïîëíîå íàçâàíèå óíèâåðñèòåòà, ôàêóëü-
òåò, êàôåäðà, ôàìèëèÿ, èìÿ, îò÷åñòâî ñòóäåíòà, íîìåð ó÷åáíîé ãðóïïû,
íîìåð êîíòðîëüíîé ðàáîòû, íîìåð âàðèàíòà, ôàìèëèÿ è èíèöèàëû ïðåïî-
äàâàòåëÿ, ïðîâåðÿþùåãî ðàáîòó, ãîä è ñòàâèòñÿ ëè÷íàÿ ïîäïèñü ñòóäåíòà.

Ðàáîòà ñ÷èòàåòñÿ âûïîëíåííîé, åñëè âñå çàäà÷è ðåøåíû âåðíî. Åñëè â
ðåøåíèè êàêîé-ëèáî çàäà÷è äîïóùåíà îøèáêà, òî ñòóäåíò äîëæåí ñäåëàòü
ðàáîòó íàä îøèáêàìè (çàíîâî ðåøèòü çàäà÷ó). Ðàáîòà íàä îøèáêàìè äîëæ-
íà ðàñïîëàãàòüñÿ ïîñëå çàïèñè ðåøåíèÿ ïîñëåäíåé çàäà÷è êîíòðîëüíîé ðà-
áîòû.

4



Ñòóäåíò ñàìîñòîÿòåëüíî âûáèðàåò âàðèàíò êîíòðîëüíîé ðàáîòû â ñîîò-
âåòñòâèè ñ íà÷àëüíîé áóêâîé ñâîåé ôàìèëèè.

Áóêâà Íîìåð âàðèàíòà

À 1

Á 2

Â 3

Ã 4

Ä 5

Å, � 6

Æ 7

Ç 8

È, É 9

Ê 10

Ë 11

Ì 12

Í 13

Î 14

Ï 15

Ð 16

Ñ 17

Ò 18

Ó 19

Ô 20

Õ 21

Ö, Þ 22

× 23

Ø,Ù 24

Ý, ß 25
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Êîíòðîëüíàÿ ðàáîòà � 1

Ñîäåðæàíèå ðàáîòû

Çàäàíèå � 1 äëÿ íå÷åòíûõ âàðèàíòîâ (1, 3, 5,. . . , 25)

Íàïèñàòü óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êó M0 è ïåðïåí-
äèêóëÿðíîé ïðÿìîé L.

Çàäàíèå � 1 äëÿ ÷åòíûõ âàðèàíòîâ (2, 4, 6,. . . , 24)

Íàïèñàòü óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè M1, M2, M3.

Çàäàíèå � 2 äëÿ íå÷åòíûõ âàðèàíòîâ

Íàïèñàòü óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè M1 è M2.

Çàäàíèå � 2 äëÿ ÷åòíûõ âàðèàíòîâ

Íàïèñàòü óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êóM0 è ïåðïåíäèêó-
ëÿðíîé ïëîñêîñòè α.

Çàäàíèå � 3

Äàíû ìàòðèöû A, B è C. Íàéòè, åñëè âîçìîæíî, A+ 2B, B + 2C, AB,
BC.

Çàäàíèå � 4

Ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïî ôîðìóëàì Êðà-
ìåðà.

Çàäàíèå � 5

Èññëåäîâàòü è ðåøèòü ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìå-
òîäîì Ãàóññà.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Øàëÿïèíà, Î.Â. Âåêòîðíàÿ àëãåáðà. Àíàëèòè÷åñêàÿ ãåîìåòðèÿ (ñïðà-
âî÷íûå ìàòåðèàëû): ìåòîäè÷åñêèå óêàçàíèÿ / Î.Â. Øàëÿïèíà,
Ò.À. Óëàíîâà.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2008.� 22 ñ.
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2. Øàëÿïèíà, Î.Â. Ëèíåéíàÿ àëãåáðà (ñïðàâî÷íûå ìàòåðèàëû): ìå-
òîäè÷åñêèå óêàçàíèÿ / Î.Â. Øàëÿïèíà, Ò. À. Óëàíîâà.� ÑÏá.:
ÑÏáÃÒÈ(ÒÓ), 2008.� 20 ñ.

3. Ñëîáîäèíñêàÿ, Ò.Â. Òèïîâûå âàðèàíòû êîíòðîëüíîé ðàáîòû ïî òåìå
¾Ëèíåéíàÿ àëãåáðà¿ äëÿ ñòóäåíòîâ âå÷åðíåãî îòäåëåíèÿ ôàêóëüòåòà
ýêîíîìèêè è ìåíåäæìåíòà: ìåòîäè÷åñêèå óêàçàíèÿ / Ò.Â. Ñëîáîäèí-
ñêàÿ, Â.Ë. Óñòèíîâ, Þ.À. Íåîáåðäèí.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2010.�
18 ñ.

4. Ñëîáîäèíñêàÿ, Ò.Â. Òèïîâûå âàðèàíòû êîíòðîëüíîé ðàáîòû ïî òåìå
¾Àíàëèòè÷åñêàÿ ãåîìåòðèÿ¿ äëÿ ñòóäåíòîâ âå÷åðíåãî îòäåëåíèÿ ôà-
êóëüòåòà ýêîíîìèêè è ìåíåäæìåíòà: ìåòîäè÷åñêèå óêàçàíèÿ / Ò.Â.
Ñëîáîäèíñêàÿ, Â.Ë. Óñòèíîâ, Í.Ì. Êëèìîâèöêàÿ, À.À. Ãðóçäêîâ. �
ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2010.� 21 ñ.

5. Øàëÿïèíà, Î.Â. Òèïîâûå âàðèàíòû êîíòðîëüíîé ðàáîòû ïî òåìå
¾Âåêòîðíàÿ àëãåáðà è àíàëèòè÷åñêàÿ ãåîìåòðèÿ¿: ìåòîäè÷åñêèå óêà-
çàíèÿ / Î.Â. Øàëÿïèíà, Í.Í. Ãèçëåð, Â.Ñ. Êàïèòîíîâ.� ÑÏá.:
ÑÏáÃÒÈ(ÒÓ), 2009.� 23 ñ.

Óñëîâèÿ çàäà÷

Âàðèàíò � 1.

1. M0(2; 0; 1), L :
x− 2

−1
=

y + 1

2
=

z − 1

3
.

2. M1(2; 0; 1), M2(3; 2;−1).

3. A =

(
0 2 1
2 1 1

)
; B =

 4 1
−1 0
2 4

 ; C =

 −3 2
1 −1
1 2

 .

4.


2x+ 3y + 5z = 10,
3x+ 7y + 4z = 3,
x+ 2y + 2z = 3.

5.


x1 + 2x2 − 2x3 − 3x4 = 4,
2x1 + 5x2 − x3 − 4x4 = 9,
x1 + 3x2 + x3 − x4 = 5.
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Âàðèàíò � 2.

1. M1(1; 1; 1), M2(2; 2; 2), M3(2; 0; 1).

2. M0(1; 1; 1), α : −x+ 2y + z = 4.

3. A =

(
1 2 1

−2 1 1

)
; B =

 3 1
−1 0
2 4

 ; C =

 −2 2
1 −1
1 2

 .

4.


5x− 6y + 4z = 3,
3x− 3y + 2z = 2,
4x− 5y + 3z = 2.

5.


x1 − 4x2 + 2x3 + 3x5 = 5,
2x1 − 7x2 + 4x3 + x4 = 9,
x1 − 3x2 + 2x3 + x4 − 3x5 = 4.

Âàðèàíò � 3.

1. M0(2; 1; 1), L :
x− 1

−1
=

y + 1

2
=

z − 1

2
.

2. M1(2; 1; 1), M2(3; 3;−1).

3. A =

(
2 2 1

−2 1 1

)
; B =

 2 1
−1 0
2 4

 ; C =

 −1 2
1 −1
1 2

 .

4.


4x− 3y + 2z = −4,
6x− 2y + 3z = −1,
5x− 3y + 2z = −3.

5.


x1 + 2x2 − 3x3 − 4x4 = 1,
3x1 + 7x2 − 2x3 − x4 = 4,
2x1 + 5x2 + x3 + 3x4 = 3.

Âàðèàíò � 4.

1. M1(1; 2; 1), M2(2; 3; 2), M3(2; 1; 1).

2. M0(1; 2; 1), α : −x+ 2y + 2z = 8.

3. A =

(
3 2 1

−2 1 1

)
; B =

 1 1
−1 0
2 4

 ; C =

 0 2
1 −1
1 2

 .

4.


5x+ 2y + 3z = −2,
2x− 2y + 5z = 0,
3x+ 4y + 2z = −10.

5.


x1 − 5x2 + 3x3 + 4x4 = 4,
2x1 − 9x2 + 2x3 + x5 = 7,
x1 − 4x2 − x3 − 4x4 + x5 = 3.
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Âàðèàíò � 5.

1. M0(2; 1; 2), L :
x+ 1

−1
=

y + 1

2
=

z − 1

3
.

2. M1(2; 1; 2), M2(3; 3; 0).

3. A =

(
4 2 1

−2 1 1

)
; B =

 0 1
−1 0
2 4

 ; C =

 1 2
1 −1
1 2

 .

4.


x+ 2y + 3z = 2,
3x+ y + 2z = 3,
2x+ 3y + z = 1.

5.


x1 + 3x2 − x3 − 2x4 = 1,
2x1 + 7x2 − 4x3 − 3x4 = 3,
x1 + 4x2 − 3x3 − x4 = 2.

Âàðèàíò � 6.

1. M1(1; 1; 2), M2(2; 2; 3), M3(2; 0; 2).

2. M0(1; 1; 2), α : −x+ 2y + z = 11.

3. A =

(
5 2 1

−2 1 1

)
; B =

 −1 1
−1 0
2 4

 ; C =

 2 2
1 −1
1 2

 .

4.


2x+ y + 2z = 1,
x+ 2y + 2z = 2,
2x+ 2y + z = 1.

5.


x1 + x2 + 4x3 + 2x5 = 0,
3x1 + 4x2 + x3 + 3x4 = 1,
2x1 + 3x2 − 3x3 + 3x4 − 2x5 = 1.

Âàðèàíò � 7.

1. M0(2; 2; 1), L :
x

−1
=

y − 1

1
=

z + 1

1
.

2. M1(2; 2; 1), M2(3; 4;−1).

3. A =

(
0 3 1

−2 1 1

)
; B =

 −2 1
−1 0
2 4

 ; C =

 3 2
1 −1
1 2

 .

4.


x+ 2y + z = 2,
2x+ y + z = 1,
x+ y + 2z = 2.

5.


x1 − 2x2 + 2x3 + 3x4 = 0,
2x1 − 3x2 + x3 + 4x4 = 1,
3x1 − 5x2 + 3x3 + 7x4 = 1.
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Âàðèàíò � 8.

1. M1(1; 2; 2), M2(2; 3; 3), M3(2; 1; 2).

2. M0(1; 2; 2), α : −x+ y + z = 21.

3. A =

(
1 3 1

−2 1 1

)
; B =

 −3 1
−1 0
2 4

 ; C =

 4 2
1 −1
1 2

 .

4.


2x+ 2y + 3z = 3,
4x+ 5y + 6z = 7,
7x+ 8y + 9z = 13.

5.


x1 − x2 + 4x3 + 3x4 = 0,
3x1 − 2x2 + x3 + 2x5 = 1,
2x1 − x2 − 3x3 − 3x4 + 2x5 = 1.

Âàðèàíò � 9.

1. M0(1; 1; 1), L :
x+ 3

−1
=

y

3
=

z − 1

2
.

2. M1(1; 1; 1), M2(2; 3;−1).

3. A =

(
2 3 1

−2 1 1

)
; B =

 −4 1
−1 0
2 4

 ; C =

 5 2
1 −1
1 2

 .

4.


x+ 2y + 3z = 5,
3x+ y + 2z = 6,
2x+ 3y + z = 1.

5.


x1 − 2x2 + 2x3 + 3x4 = 0,
3x1 − 5x2 + x3 + 4x4 = 1,
2x1 − 3x2 − x3 + x4 = 1.

Âàðèàíò � 10.

1. M1(1; 1; 1), M2(2; 2; 2), M3(2; 0; 1).

2. M0(1; 1; 1), α : −x+ 3y + 2z = 15.

3. A =

(
3 3 1

−2 1 1

)
; B =

 −4 1
−1 0
2 4

 ; C =

 5 2
1 −1
1 2

 .

4.


x+ 2y + 2z = 3,
4x− 2y − 5z = 5,
6x− y + 3z = 1.

5.


x1 − 3x2 + 4x3 + 3x5 = 2,
3x1 − 8x2 + x3 + 2x4 = 5,
2x1 − 5x2 − 3x3 + 2x4 − 3x5 = 3.
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Âàðèàíò � 11.

1. M0(0; 1; 1), L :
x+ 2

1
=

y

2
=

z + 1

3
.

2. M1(0; 1; 1), M2(1; 3;−1).

3. A =

(
3 3 −1

−2 1 1

)
; B =

 −4 3
−1 0
2 4

 ; C =

 5 0
1 −1
1 2

 .

4.


2x+ y + 3z = 3,
4x+ 2y + 5z = 5,
3x+ 4y + 7z = 2.

5.


x1 − 3x2 + x3 + 2x4 = 4,
2x1 − 5x2 + 4x3 + 3x4 = 7,
x1 − 2x2 + 3x3 + x4 = 3.

Âàðèàíò � 12.

1. M1(0; 1; 1), M2(1; 2; 2), M3(1; 0; 1).

2. M0(0; 1; 1), α : x+ 2y + 3z = 4.

3. A =

(
3 3 −2

−2 1 1

)
; B =

 −4 4
−1 0
2 4

 ; C =

 5 −1
1 −1
1 2

 .

4.


3x+ 4y + 2z = 8,
x+ 5y + 2z = 5,
2x+ 3y + 4z = 3.

5.


x1 − x2 + 3x3 + 4x4 = 0,
4x1 − 3x2 + x3 + 2x5 = 1,
3x1 − 2x2 − 2x3 − 4x4 + 2x5 = 1.

Âàðèàíò � 13.

1. M0(0; 2; 1), L :
x+ 1

1
=

y − 1

2
=

z − 1

2
.

2. M1(0; 2; 1), M2(1; 4;−1).

3. A =

(
3 3 −2

−2 0 1

)
; B =

 −4 4
−1 1
2 4

 ; C =

 5 −2
1 −1
1 2

 .

4.


x+ 3y + 2z = 4,
2x+ 6y + z = 2,
4x+ 8y − z = 2.

5.


x1 + 4x2 − 2x3 − 3x5 = 2,
2x1 + 9x2 − x3 − 4x4 = 5,
x1 + 5x2 + x3 − x4 = 3.
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Âàðèàíò � 14.

1. M1(0; 2; 1), M2(1; 3; 2), M3(1; 1; 1).

2. M0(0; 2; 1), α : x+ 2y + 2z = 11.

3. A =

(
3 3 −2

−2 −1 1

)
; B =

 −4 4
−1 2
2 4

 ; C =

 5 −3
1 −1
1 2

 .

4.


x+ y + z = 4,
2x− 3y + 4z = −4,
5x− 7y + 8z = −7.

5.


x1 + 4x2 − 2x3 − 3x5 = 2,
2x1 + 9x2 − x3 − 4x4 = 5,
x1 + 5x2 + x3 − 4x4 + 3x5 = 3.

Âàðèàíò � 15.

1. M0(0; 2; 1), L :
x+ 3

1
=

y − 3

2
=

z − 1

1
.

2. M1(0; 2; 1), M2(1; 4;−1).

3. A =

(
3 3 −2

−2 −1 0

)
; B =

 −4 4
−1 3
2 4

 ; C =

 5 −3
2 −1
1 −2

 .

4.


2x+ y + z = 0,
2x− 3y + 4z = 5,
4x− 11y + 10z = 11.

5.


x1 − x2 + 3x3 + 4x4 = 0,
2x1 − x2 + 2x3 + x4 = 1,
4x1 − 3x2 + 8x3 + 9x4 = 1.

Âàðèàíò � 16.

1. M1(0; 2; 2), M2(1; 3; 3), M3(1; 1; 2).

2. M0(0; 2; 2), α : x+ 2y + z = 18.

3. A =

(
3 3 −2

−2 −1 −1

)
; B =

 −4 4
−1 2
2 3

 ; C =

 5 −3
2 −1
1 1

 .

4.


x+ y + z = 1,
6x+ 3y + z = −9,
8x− 4y + 2z = 5.

5.


x1 + x2 − 3x3 − 4x4 = 1,
4x1 + 5x2 − 2x3 − x5 = 3,
3x1 + 4x2 + x3 + 4x4 − x5 = 2.
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Âàðèàíò � 17.

1. M0(0; 2; 3), L :
x− 4

1
=

y + 2

1
=

z − 1

2
.

2. M1(0; 2; 3), M2(1; 4; 1).

3. A =

(
3 3 −2

−2 0 1

)
; B =

 −4 4
−1 2
2 4

 ; C =

 5 −3
2 −1
1 0

 .

4.


x+ y = 1,
x− 2y + z = 1,
x− 2z = 2.

5.


x1 − 4x2 + 2x3 + 3x4 = 5,
2x1 − 7x2 + 4x3 + x4 = 9,
x1 − 3x2 + 2x3 − 2x4 = 4.

Âàðèàíò � 18.

1. M1(0; 2; 3), M2(1; 3; 4), M3(1; 1; 3).

2. M0(0; 2; 3), α : x+ y + 2z = 5.

3. A =

(
3 3 −2

−2 1 −1

)
; B =

 −4 4
−1 2
1 4

 ; C =

 5 −3
2 −1
1 −1

 .

4.


2x− 3y + z = 2,
x+ 5y − 4z = −5,
4x+ y − 3z = −4.

5.


x1 + 2x2 − 2x3 − 3x5 = 4,
2x1 + 5x2 − x3 − 4x4 = 9,
x1 + 3x2 + x3 − 4x4 + 3x5 = 5.

Âàðèàíò � 19.

1. M0(1; 2; 3), L :
x− 7

2
=

y + 2

1
=

z − 14

1
.

2. M1(1; 2; 3), M2(2; 4; 1).

3. A =

(
3 3 −2

−3 2 −1

)
; B =

 −4 4
−1 2
0 4

 ; C =

 5 −3
2 −1
1 −2

 .

4.


2x− 4y + 3z = 1,
x− 2y + 4z = 3,
3x− y + 5z = 2.

5.


x1 − 5x2 + 3x3 + 4x4 = 4,
2x1 − 9x2 + 2x3 + x4 = 7,
x1 − 4x2 − x3 − 3x4 = 3.
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Âàðèàíò � 20.

1. M1(1; 2; 3), M2(2; 3; 4), M3(2; 1; 3).

2. M0(1; 2; 3), α : 2x+ y + z = 16.

3. A =

(
3 3 −2

−3 2 −1

)
; B =

 −4 4
−1 2
−1 4

 ; C =

 5 −3
2 −1
0 −2

 .

4.


2x− y + z = 2,
3x+ 2y + 2z = −2,
x− 2y + z = 1

5.


x1 + 2x2 − 3x3 − 4x4 = 1,
3x1 + 7x2 − 2x3 + x5 = 4,
2x1 + 5x2 + x3 + 4x4 + x5 = 3.

Âàðèàíò � 21.

1. M0(2; 2; 1), L :
x+ 6

2
=

y − 5

2
=

z + 3

1
.

2. M1(2; 2; 1), M2(3; 4;−1).

3. A =

(
3 3 −2

−3 2 0

)
; B =

 −3 4
−1 2
1 4

 ; C =

 5 −3
2 −1

−1 −2

 .

4.


x+ 2y + 3z = 5,
2x− y − z = 1,
x+ 3y + 4z = 6.

5.


x1 + x2 + 4x3 + 2x4 = 0,
3x1 + 4x2 + x3 + 3x4 = 1,
2x1 + 3x2 − 3x3 + x4 = 1.

Âàðèàíò � 22.

1. M1(2; 2; 1), M2(3; 3; 2), M3(3; 1; 1).

2. M0(2; 2; 1), α : 2x+ 2y + z = 18.

3. A =

(
3 3 −2

−3 2 −2

)
; B =

 −3 4
−1 2
2 4

 ; C =

 4 −3
2 −1

−2 −1

 .

4.


x+ y − z = 36,
x− y + z = 13,
−x+ y + z = 7.

5.


x1 + 3x2 − x3 − 2x5 = 1,
2x1 + 7x2 − 4x3 − 3x4 = 3,
x1 + 4x2 − 3x3 + 2x5 = 2.
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Âàðèàíò � 23.

1. M0(2; 1; 3), L :
x+ 4

2
=

y − 6

2
=

z + 1

3
.

2. M1(2; 1; 3), M2(3; 3; 1).

3. A =

(
0 3 −2

−3 2 −2

)
; B =

 −3 3
−1 2
2 3

 ; C =

 3 −3
−1 2
−2 −1

 .

4.


x+ 2y + z = 4,
3x− 5y + 3z = 1,
2x+ 7y − z = 8.

5.


x1 − x2 + 4x3 + 3x4 = 0,
3x1 − 2x2 + x3 + 2x4 = 1,
2x1 − x2 − 3x3 − x4 = 1.

Âàðèàíò � 24.

1. M1(2; 1; 3), M2(3; 2; 4), M3(3; 0; 3).

2. M0(2; 1; 3), α : 2x+ 2y + 3z = 11.

3. A =

(
1 −1 −2

−3 2 −2

)
; B =

 −1 1
2 −1
2 3

 ; C =

 1 −1
−1 2
−2 1

 .

4.


2x− 4y + 9z = 28,
7x+ 3y − 6z = −1,
7x+ 9y − 9z = 5.

5.


x1 − 2x2 + 2x3 + 3x4 = 0,
2x1 − 3x2 + x3 + 4x5 = 1,
3x1 − 5x2 + 3x3 + 3x4 + 4x5 = 1.

Âàðèàíò � 25.

1. M0(2; 2; 3), L :
x+ 7

2
=

y − 4

3
=

z

3
.

2. M1(2; 2; 3), M2(3; 4; 1).

3. A =

(
1 −1 −2

−2 1 −2

)
; B =

 −1 2
2 1
2 3

 ; C =

 1 −1
−1 −2
2 1

 .

4.


2x+ y = 5,
x+ 3z = 16,
5y − z = 10.

5.


x1 − 3x2 + 4x3 + 3x4 = 2,
3x1 − 8x2 + x3 + 2x4 = 5,
2x1 − 5x2 − 3x3 − x4 = 3.
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Ïðèìåðû ðåøåíèÿ çàäà÷

Âàðèàíò I.

Çàäàíèå 1. Íàïèñàòü óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êè

M1(3; 2; 1), M2(4; 5;−1) è M3(5; 4; 2).

Ðåøåíèå. Óðàâíåíèå ïëîñêîñòè èìååò âèä:

Ax+By + Cz = D,

ãäå A, B, C � êîîðäèíàòû ëþáîãî íåíóëåâîãî âåêòîðà n⃗, ïåðïåíäèêóëÿð-
íîãî ïëîñêîñòè (íîðìàëè), à D íàõîäèòñÿ èç ðàâåíñòâà

D = Ax0 +By0 + Cz0,

ãäå P (x0; y0; z0) � ëþáàÿ òî÷êà, ïðèíàäëåæàùàÿ ïëîñêîñòè.
Â êà÷åñòâå òî÷êè, ïðèíàäëåæàùåé ïëîñêîñòè, âîçüìåì, íàïðèìåð, òî÷êó

M0(1; 2; 3). Âåêòîðû
−−−→
M0M1 è

−−−→
M0M2 ëåæàò â ïëîñêîñòè, èõ âåêòîðíîå ïðî-

èçâåäåíèå áóäåò âåêòîðîì ïåðïåíäèêóëÿðíûì èì îáîèì, à, çíà÷èò, è âñåé
ïëîñêîñòè (ñì. ðèñóíîê 1), ñëåäîâàòåëüíî

Ðèñóíîê 1 �Íàõîæäåíèå íîðìàëè ê ïëîñêîñòè ÷åðåç âåêòîðíîå ïðîèçâåäåíèå
(ê çàäàíèþ 1)

n⃗ =
−−−→
M1M2×

−−−→
M1M3 =

∣∣∣∣∣∣
ı⃗ ȷ⃗ k⃗
1 3 −2
2 2 1

∣∣∣∣∣∣ =
∣∣∣∣ 3 −2
2 1

∣∣∣∣ ı⃗− ∣∣∣∣ 1 −2
2 1

∣∣∣∣ ȷ⃗+ ∣∣∣∣ 1 3
2 2

∣∣∣∣ k⃗ =

= 7⃗ı− 5ȷ⃗− 4k⃗.

16



Òîãäà A = 7, B = −5, C = −4 è D = 7 · 3 − 5 · 2 − 4 · 1 = 7. Óðàâíåíèå
ïëîñêîñòè èìååò, òàêèì îáðàçîì, âèä 7x− 5y − 4z = 7.

Îòâåò: 7x− 5y − 4z = 7.

Çàäàíèå 2. Íàïèñàòü óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êèM1(3; 2; 1)
è M2(4; 5;−1).

Ðåøåíèå. Óðàâíåíèå ïðÿìîé èìååò âèä

x− x0
l

=
y − y0
m

=
z − z0
n

,

ãäå l, m, n � êîîðäèíàòû ëþáîãî íåíóëåâîãî âåêòîðà S⃗, ïàðàëëåëüíîãî
ïðÿìîé (íàïðàâëÿþùåãî âåêòîðà), à x0, y0, z0 � êîîðäèíàòû ëþáîé òî÷êè,
ëåæàùåé íà ïðÿìîé.

Âîçüìåì â êà÷åñòâå òî÷êè, ëåæàùåé íà ïðÿìîé, òî÷êóM1, à çà íàïðàâëÿ-

þùèé âåêòîð S⃗ ïðèìåì âåêòîð
−−−→
M1M2, ëåæàùèé íà ïðÿìîé (ñì. ðèñóíîê 2).

Òîãäà

Ðèñóíîê 2 � Ñõåìà ê çàäàíèþ 2

S⃗ =
−−−→
M1M2 = (4− 3)⃗ı+ (5− 2)ȷ⃗+ (−1− 1)k⃗ = ı⃗+ 3ȷ⃗− 2k⃗,

è óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êè M1 è M2, ïðèìåò âèä

x− 3

1
=

y − 2

3
=

z − 1

−2
.

Îòâåò:
x− 3

1
=

y − 2

3
=

z − 1

−2
.

Çàäàíèå 3. Äëÿ ìàòðèö

A =

(
2 3 1
−3 4 2

)
, B =

 2 1
4 3
−1 2

 , C =

 −1 0
2 5
3 −8
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íàéòè, åñëè ýòî âîçìîæíî, A+ 2B, B + 2C, AB, BC.

Ðåøåíèå. Ñóììà ìàòðèö îïðåäåëåíà òîëüêî äëÿ ìàòðèö, èìåþùèõ ðàâíîå
÷èñëî ñòðîê è ñòîëáöîâ, ñëåäîâàòåëüíî A + 2B íå îïðåäåëåíà. Âû÷èñëèì
B + 2C:

B + 2C =

 2 1
4 3
−1 2

+ 2 ·

 −1 0
2 5
3 −8

 =

 2 1
4 3
−1 2

+

 −2 0
4 10
6 −16

 =

=

 2− 2 1 + 0
4 + 4 3 + 10
−1 + 6 2− 16

 =

 0 1
8 13
5 −14

 .

Ïðîèçâåäåíèå ìàòðèö îïðåäåëåíî, òîëüêî åñëè ÷èñëî ñòîëáöîâ â ïåðâîì
ñîìíîæèòåëå òàêîå æå, êàê ÷èñëî ñòðîê âî âòîðîì. Ñëåäîâàòåëüíî ïðîèçâå-
äåíèå AB îïðåäåëåíî, à BC � íåò. Âû÷èñëèì AB = D. Ó÷òåì, ÷òî ýëåìåíò
ìàòðèöû ïðîèçâåäåíèÿ (D), ñòîÿùèé â i-îé ñòðîêå è j-îì ñòîëáöå, ðàâåí

dij =
n∑

k=1

aikbkj = ai1b1j + ai2b2j + · · ·+ ainbnj.

Ïîëó÷èì, ÷òî

D = AB =

(
2 3 1
−3 4 2

) 2 1
4 3
−1 2

 =

=

(
2 · 2 + 3 · 4 + 1 · (−1) 2 · 1 + 3 · 3 + 1 · 2
−3 · 2 + 4 · 4 + 2 · (−1) −3 · 1 + 4 · 3 + 2 · 2

)
=

(
15 13
8 13

)
.

Çàäàíèå 4. Ðåøèòü ñèñòåìó óðàâíåíèé
x − y + z = −2,
2x + 2y − z = 6,
3x − y + 2z = −2

ïî ôîðìóëàì Êðàìåðà.

Ðåøåíèå. Ñîñòàâèì è âû÷èñëèì ãëàâíûé îïðåäåëèòåëü ñèñòåìû, ò. å.
îïðåäåëèòåëü, ñîñòàâëåííûé èç êîýôôèöèåíòîâ ïðè íåèçâåñòíûõ:

∆ =

∣∣∣∣∣∣
1 −1 1
2 2 −1
3 −1 2

∣∣∣∣∣∣ = 1 · 2 · 2 + 1 · 2 · (−1) + (−1) · (−1) · 3− 1 · 2 · 3−

−1 · (−1) · (−1)− (−1) · 2 · 2 = 4− 2 + 3− 6− 1 + 4 = 2.
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Ïîñêîëüêó∆ ̸= 0, ñèñòåìà óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå
ìîæíî íàéòè ïî ôîðìóëàì

x =
∆x

∆
, y =

∆y

∆
, z =

∆z

∆
,

ãäå ∆x, ∆y, ∆z � ïîëó÷àþòñÿ, åñëè â îïðåäåëèòåëå ∆ çàìåíèòü ñòîëáåö
êîýôôèöèåíòîâ ïðè ñîîòâåòñòâóþùåì íåèçâåñòíîì íà ñòîëáåö ñâîáîäíûõ
÷ëåíîâ.

∆x =

∣∣∣∣∣∣
−2 −1 1
6 2 −1

−2 −1 2

∣∣∣∣∣∣ = (−2) · 2 · 2 + 1 · 6 · (−1) + (−1) · (−1) · (−2)−

−1 · 2 · (−2)− (−2) · (−1) · (−1)− (−1) · 6 · 2 =

= −8− 6− 2 + 4 + 2 + 12 = 2.

Àíàëîãè÷íî:

∆y =

∣∣∣∣∣∣
1 −2 1
2 6 −1
3 −2 2

∣∣∣∣∣∣ = 2, ∆z =

∣∣∣∣∣∣
1 −1 −2
2 2 6
3 −1 −2

∣∣∣∣∣∣ = −4,

îòêóäà

x =
2

2
= 1, y =

2

2
= 1, z =

−4

2
= −2.

Ïðîâåðêà. Ïîäñòàâèì íàéäåííûå çíà÷åíèÿ x, y, z â óðàâíåíèÿ ñèñòåìû:
1− 1− 2 = −2
2 + 2 + 2 = 6
3− 1− 4 = −2.

Îòâåò: x = 1, y = 1, z = −2.

Çàäàíèå 5. Èññëåäîâàòü è ðåøèòü ñèñòåìó óðàâíåíèé
x1 + 2x2 − x3 + x4 = 0,
3x1 − x2 + 2x3 + 2x5 = 1,
5x1 + 3x2 + 2x4 + 2x5 = 1.

ìåòîäîì Ãàóññà.
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Ðåøåíèå. Âûïèøåì ðàñøèðåííóþ ìàòðèöó ñèñòåìû è, ïóòåì ýëåìåíòàð-
íûõ ïðåîáðàçîâàíèé íàä ñòðîêàìè, ïðèâåäåì åå ê ñòóïåí÷àòîìó âèäó.

(A|B) =

 1 2 −1 1 0 0
3 −1 2 0 2 1
5 3 0 2 2 1

 ∼

(ïðèáàâèì êî âòîðîé ñòðîêå ïåðâóþ, óìíîæåííóþ íà −3, à ê òðåòüåé �
ïåðâóþ, óìíîæåííóþ íà −5)

∼

 1 2 −1 1 0 0
0 −7 5 −3 2 1
0 −7 5 −3 2 1

 ∼

(âû÷òåì èç òðåòüåé ñòðîêè âòîðóþ è èñêëþ÷èì íóëåâóþ ñòðîêó)

∼

 1 2 −1 1 0 0
0 −7 5 −3 2 1
0 0 0 0 0 0

 ∼
(

1 2 −1 1 0 0
0 −7 5 −3 2 1

)
.

Ðàíã îñíîâíîé ìàòðèöû ñèñòåìû ðàâåí ðàíãó ðàñøèðåííîé ìàòðèöû ñèñòå-
ìû è ðàâåí äâóì:

rankA = rank (A|B) = 2.

×èñëî íåèçâåñòíûõ ðàâíî 5, ñëåäîâàòåëüíî, 2 íåèçâåñòíûå ÿâëÿþòñÿ áàçèñ-
íûìè, à 3 � ñâîáîäíûìè.

Áàçèñíûé ìèíîð

∣∣∣∣ 1 2
0 −7

∣∣∣∣ ñîñòîèò èç êîýôôèöèåíòîâ ïðè x1 è x2, ïî-

ýòîìó îíè áåðóòñÿ â êà÷åñòâå áàçèñíûõ, à x3, x4, x5 � ñâîáîäíûõ. Ïóñòü

x3 = α1, x4 = α2, x5 = α3,

ãäå α1, α2,α3 � ïðîèçâîëüíûå ÷èñëà. Òîãäà (ñì. âòîðóþ ñòðîêó ïîëó÷åííîé
ìàòðèöû) èìååì

−7x2 + 5x3 − 3x4 + 2x5 = 1 =⇒ −7x2 + 5α1 − 3α2 + 2α3 = 1,

îòêóäà

x2 =
5

7
α1 −

3

7
α2 +

2

7
α3 −

1

7
.

Èñõîäÿ èç ïåðâîé ñòðîêè ïðåîáðàçîâàííîé ìàòðèöû çàïèøåì

x1 + 2x2 − x3 + x4 = 0,
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îòêóäà

x1 = −2

(
5

7
α1 −

3

7
α2 +

2

7
α3 −

1

7

)
+ α1 − α2 = −3

7
α1 −

1

7
α2 −

4

7
α3 +

2

7
.

Äëÿ óäîáñòâà çàïèñè ìîæíî îáîçíà÷èòü

α1

7
= c1,

α2

7
= c2,

α3

7
= c3,

ãäå c1, c1, c1 � òàêæå ïðîèçâîëüíûå ÷èñëà. Îêîí÷àòåëüíî ïîëó÷àåì îáùåå
ðåøåíèå ñèñòåìû â âèäå:

x1 = −3c1 −c2−4c3+
2

7
,

x2 = 5c1−3c2+2c3−
1

7
,

x3 = 7c1,
x4 = 7c2,
x5 = 7c3.

Âàðèàíò II.

Çàäàíèå 1. Íàïèñàòü óðàâíåíèå ïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êó
M0(2; 15;−11) è ïåðïåíäèêóëÿðíîé ïðÿìîé

x+ 1

3
=

y

−2
=

z − 1

2
.

Ðåøåíèå. Óðàâíåíèå ïëîñêîñòè èìååò âèä

Ax+By + Cz = D,

ãäå A, B, C � êîîðäèíàòû ëþáîãî íåíóëåâîãî âåêòîðà n⃗, ïåðïåíäèêóëÿð-
íîãî ïëîñêîñòè (íîðìàëè), à D íàõîäèòñÿ èç ðàâåíñòâà

D = Ax0 +By0 + Cz0,

ãäå P (x0; y0; z0) � ëþáàÿ òî÷êà, ïðèíàäëåæàùàÿ ïëîñêîñòè. Ïî óñëîâèþ
çàäà÷è òàêîé òî÷êîé ÿâëÿåòñÿ òî÷êà M0(2; 15;−11).

Â êà÷åñòâå âåêòîðà n⃗ ìîæíî âçÿòü íàïðàâëÿþùèé âåêòîð S⃗ ïðÿìîé l,
êîòîðàÿ ïî óñëîâèþ ïåðïåíäèêóëÿðíà ïëîñêîñòè (ñì. ðèñóíîê 3).

n⃗ = S⃗ = 3⃗ı− 2ȷ⃗+ 2k⃗,
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Ðèñóíîê 3 � Ñõåìà ê çàäàíèþ 1

ïîýòîìó

A = 3, B = −2, C = 2, D = 3·2−2·15+2·(−11) = 6−30−22 = −46.

Óðàâíåíèå èñêîìîé ïëîñêîñòè èìååò, òàêèì îáðàçîì, âèä

3x− 2y + 2z = −46.

Îòâåò: 3x− 2y + 2z = −46.

Çàäàíèå 2. Íàïèñàòü óðàâíåíèå ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó
M0(6; 0;−13) è ïåðïåíäèêóëÿðíîé ïëîñêîñòè 4x− 11y + 6z = 28.

Ðåøåíèå. Óðàâíåíèå ïðÿìîé èìååò âèä

x− x0
l

=
y − y0
m

=
z − z0
n

,

ãäå l, m, n � êîîðäèíàòû ëþáîãî íåíóëåâîãî âåêòîðà S⃗, ïàðàëëåëüíîãî
ïðÿìîé (íàïðàâëÿþùåãî âåêòîðà), à x0, y0, z0 � êîîðäèíàòû êàêîé-ëèáî
òî÷êè, ëåæàùåé íà ïðÿìîé. Òàêàÿ òî÷êà äàíà ïî óñëîâèþ çàäà÷è � ýòî
òî÷êà M0(6; 0;−13). Çà íàïðàâëÿþùèé âåêòîð S⃗ èñêîìîé ïðÿìîé ìîæíî
âçÿòü âåêòîð íîðìàëè ê ïëîñêîñòè, ò. ê. ïðÿìàÿ ïåðïåíäèêóëÿðíà ïëîñêîñòè
è, ñëåäîâàòåëüíî, ïàðàëëåëüíà âåêòîðó íîðìàëè n⃗ (ñì. ðèñóíîê 4).

Èòàê, S⃗ = n⃗ = 4⃗ı− 11ȷ⃗+ 6k⃗, à óðàâíåíèå ïðÿìîé èìååò âèä

L :
x− 6

4
=

y

−11
=

z + 13

6
.
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Ðèñóíîê 4 � Ñõåìà ê çàäàíèþ 2

Îòâåò:
x− 6

4
=

y

−11
=

z + 13

6
.

Çàäàíèå 3. Äëÿ ìàòðèö

A =

(
1 −2 3

−3 4 1

)
, B =

 2 −1
−3 4
2 1

 , C =

 2 1
0 −2
1 3


íàéòè, åñëè ýòî âîçìîæíî, A+ 2B, B + 2C, AB, BC.

Ðåøåíèå. Ñóììà ìàòðèö îïðåäåëåíà òîëüêî äëÿ ìàòðèö, èìåþùèõ ðàâíîå
÷èñëî ñòðîê è ñòîëáöîâ, ñëåäîâàòåëüíî, A + 2B íå îïðåäåëåíà. Âû÷èñëèì
B + 2C:

B + 2C =

 2 −1
−3 4
2 1

+ 2 ·

 2 1
0 −2
1 3

 =

 2 −1
−3 4
2 1

+

 4 2
0 −4
2 6

 =

=

 2 + 4 −1 + 2
−3 + 0 4− 4
2 + 2 1 + 6

 =

 6 1
−3 0
4 7

 .

Ïðîèçâåäåíèå ìàòðèö AB îïðåäåëåíî, ïîñêîëüêó ÷èñëî ñòîëáöîâ â ïåð-
âîì ñîìíîæèòåëå òàêîå æå, êàê ÷èñëî ñòðîê âî âòîðîì (òðè).

AB =

(
1 −2 3

−3 4 1

) 2 −1
−3 4
2 1

 =

=

(
1 · 2− 2 · (−3) + 3 · 2 1 · (−1)− 2 · 4 + 3 · 1

−3 · 2 + 4 · (−3) + 1 · 2 −3 · (−1) + 4 · 4 + 1 · 1

)
=

(
14 −6

−16 20

)
.
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Ïðîèçâåäåíèå BC íå îïðåäåëåíî, ïîñêîëüêó â ïåðâîì ñîìíîæèòåëå 2
ñòîëáöà, à âî âòîðîì � 3 ñòðîêè.

Çàäàíèå 4. Ðåøèòü ñèñòåìó óðàâíåíèé
2x − 3y + z = −1,
x + 2y − z = 2,
−x − y + 3z = 6

ïî ôîðìóëàì Êðàìåðà.

Ðåøåíèå. Âû÷èñëèì îñíîâíîé îïðåäåëèòåëü ñèñòåìû:

∆ =

∣∣∣∣∣∣
2 −3 1
1 2 −1

−1 −1 3

∣∣∣∣∣∣ = 2 · 2 · 3 + (−3) · (−1) · (−1) + 1 · 1 · (−1)−

−1 · 2 · (−1)− 2 · (−1) · (−1)− (−3) · 1 · 3 = 12− 3− 1 + 2− 2 + 9 = 17.

Ïîñêîëüêó ∆ = 17 ̸= 0, ñèñòåìà óðàâíåíèé èìååò åäèíñòâåííîå ðåøåíèå.
Âû÷èñëèì äîïîëíèòåëüíûå îïðåäåëèòåëè ∆x, ∆y, ∆z, çàìåíÿÿ, ñîîòâåò-
ñòâåííî, ïåðâûé, âòîðîé è òðåòèé ñòîëáöû îïðåäåëèòåëÿ ∆ ñòîëáåö ñòîëá-
öîì ñâîáîäíûõ ÷ëåíîâ.

∆x =

∣∣∣∣∣∣
−1 −3 1
2 2 −1
6 −1 3

∣∣∣∣∣∣ = −6 + 18− 2− 12 + 1 + 18 = 17.

∆y =

∣∣∣∣∣∣
2 −1 1
1 2 −1

−1 6 3

∣∣∣∣∣∣ = 12− 1 + 6 + 2 + 12 + 3 = 34.

∆z =

∣∣∣∣∣∣
2 −3 −1
1 2 2

−1 −1 6

∣∣∣∣∣∣ = 24 + 6 + 1− 2 + 4 + 18 = 51.

Ïî ôîðìóëàì Êðàìåðà íàõîäèì:

x =
∆x

∆
=

17

17
= 1, y =

∆y

∆
=

34

17
= 2, z =

∆z

∆
=

51

17
= 3.

Ïðîâåðêà. Âûïîëíèì ïðîâåðêó, ïîäñòàâèâ íàéäåííûå çíà÷åíèÿ x, y, z â
óðàâíåíèÿ ñèñòåìû:

2− 6 + 3 = −1
1 + 4− 3 = 2
−1− 2 + 9 = 6.
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Îòâåò: x = 1, y = 2, z = 3.

Çàäàíèå 5. Èññëåäîâàòü è ðåøèòü ñèñòåìó óðàâíåíèé
2x1 − 3x2 + 5x3 + 7x4 = 1,
4x1 − 6x2 + 2x3 + 3x4 = 2,

2x1 − 3x2 − 11x3 − 15x4 = 1.

ìåòîäîì Ãàóññà.

Ðåøåíèå. Âûïèøåì ðàñøèðåííóþ ìàòðèöó ñèñòåìû è, ïóòåì ýëåìåíòàð-
íûõ ïðåîáðàçîâàíèé íàä ñòðîêàìè, ïðèâåäåì åå ê ñòóïåí÷àòîìó âèäó.

(A|B) =

 2 −3 5 7 1
4 −6 2 3 2
2 −3 −11 −15 1

 ∼

(ïðèáàâèì êî âòîðîé ñòðîêå ïåðâóþ, óìíîæåííóþ íà −2, à ê òðåòüåé �
ïåðâóþ, óìíîæåííóþ íà −1)

∼

 2 −3 5 7 1
4− 2 · 2 −6− 2 · (−3) 2− 2 · 5 3− 2 · 7 2− 2 · 1
2− 2 −3− (−3) −11− 5 −15− 7 1− 1

 =

=

 2 −3 5 7 1
0 0 −8 −11 0
0 0 −16 −22 0

 ∼

(ïðèáàâèì ê òðåòüåé ñòðîêå âòîðóþ, óìíîæåííóþ íà −2)

∼

 2 −3 5 7 1
0 0 −8 −11 0
0 0 0 0 0

 .

Ïîñêîëüêó rankA = rank (A|B) = 2, ñèñòåìà ñîâìåñòíà. ×èñëî íåèçâåñò-
íûõ ðàâíî 4, ñëåäîâàòåëüíî, 2 íåèçâåñòíûå áàçèñíûå, à 2 � ñâîáîäíûå. Â
êà÷åñòâå áàçèñíîãî ìèíîðà âîçüì¼ì ìèíîð, ñîñòàâëåííûé èç ïåðâûõ äâóõ

ñòðîê è ïåðâîãî è òðåòüåãî ñòîëáöîâ, ò. å.

∣∣∣∣ 2 5
0 −8

∣∣∣∣. Îí ñîñòîèò èç êîýôôè-
öèåíòîâ ïðè íåèçâåñòíûõ x1 è x3, çíà÷èò, èìåííî îíè áóäóò áàçèñíûìè, à
x2 è x4 � ñâîáîäíûìè. Ïóñòü x2 = α1, x4 = α2, ãäå α1, α2 � ïðîèçâîëüíûå
÷èñëà. Òîãäà èìååì (ñì. âòîðóþ ñòðîêó ñòóïåí÷àòîé ìàòðèöû):

−8x3 − 11x4 = 0 =⇒ x3 = −11

8
α2.

25



Ïåðâàÿ ñòðîêà ñòóïåí÷àòîé ìàòðèöû îçíà÷àåò, ÷òî

2x1 − 3x2 + 5x3 + 7x4 = 1 =⇒ 2x1 − 3α1 −
55

8
α2 + 7α2 = 1,

îòêóäà

x1 =
3

2
α1 −

1

16
α2 +

1

2
.

Îáîçíà÷èì
α1

2
= c1,

α2

16
= c2, ãäå c1, c2 � òàêæå ïðîèçâîëüíûå ÷èñëà.

Ïîëó÷èì îáùåå ðåøåíèå ñèñòåìû:
x1 = 3c1 −c2 +

1

2
,

x2 = 2c1,
x3 = −22c2,
x4 = 16c2.
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Êîíòðîëüíàÿ ðàáîòà � 2

Ñîäåðæàíèå ðàáîòû

Çàäàíèå � 1.

Èçîáðàçèòå íà êîìïëåêñíîé ïëîñêîñòè òî÷êè, ñîîòâåòñòâóþùèå ÷èñëàì
z1, z2, z3, z4.

Çàäàíèå � 2

Íàéäèòå â àëãåáðàè÷åñêîé ôîðìå
z21 + 5i

z2
.

Çàäàíèå � 3

Ïåðåâåäèòå ÷èñëî z3 â òðèãîíîìåòðè÷åñêóþ ôîðìó è íàéäèòå (z3 · z4)10

(îòâåò äàòü â òðèãîíîìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå).

Çàäàíèå � 4

Ðåøèòå êâàäðàòíûå óðàâíåíèÿ.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Êðþ÷êîâ, À. Ô. Êîìïëåêñíûå ÷èñëà è ìíîãî÷ëåíû: ìåòîäè÷åñêèå óêà-
çàíèÿ ê ðåøåíèþ çàäà÷ äëÿ äíåâíûõ è âå÷åðíèõ ôàêóëüòåòîâ / À. Ô.
Êðþ÷êîâ, Ò. Â. Ñëîáîäèíñêàÿ.� Ë.: ËÒÈ, 1988.� 33 ñ.

2. Êëèìîâèöêàÿ Í.Ì. Êîìïëåêñíûå ÷èñëà. Èíäèâèäóàëüíûå çàäàíèÿ: ìå-
òîäè÷åñêèå óêàçàíèÿ / Í. Ì. Êëèìîâèöêàÿ, Ë. Â. Íå÷àåâà, Ë. Í. Ðî-
ìàíîâñêàÿ.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2001.� 14 ñ.

27



Óñëîâèÿ çàäà÷

Âàðèàíò � 1.

z1 = 2 + 3i, z2 = 3− i, z3 = 1− i, z4 =
√
2
(
cos

π

12
+ i sin

π

12

)
.

x2 − 2x+ 2, 4x2 + 9 = 0.

Âàðèàíò � 2.

z1 = 1− 4i, z2 = 2 + i, z3 = 1 + i
√
3, z4 =

√
8
(
cos

π

5
+ i sin

π

5

)
.

x2 − 2x+ 4, 5x2 + 1 = 0.

Âàðèàíò � 3.

z1 = −3 + 2i, z2 = 1− 2i, z3 =
√
3 + i, z4 = 2

(
cos

π

7
+ i sin

π

7

)
.

x2 + 2x+ 17, 9x2 + 4 = 0.

Âàðèàíò � 4.

z1 = 2− 3i, z2 = 5+ i, z3 = −1− i
√
3, z4 = 2

√
2
(
cos

π

3
+ i sin

π

3

)
.

x2 − 6x+ 13, 3x2 + 2 = 0.

Âàðèàíò � 5.

z1 = 4 + i, z2 = 1− 3i, z3 = −1 + i, z4 = 3
√
2
(
cos

π

6
+ i sin

π

6

)
.

x2 − 4x+ 5, 6x2 + 5 = 0.

Âàðèàíò � 6.

z1 = 3− i, z2 = 2 + 2i, z3 =
√
3− i, z4 = 4

(
cos

3π

8
+ i sin

3π

8

)
.

x2 + 6x+ 10, 2x2 + 5 = 0.
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Âàðèàíò � 7.

z1 = 1 + i, z2 = 4− 3i, z3 = −1 + i
√
3, z4 = 2

(
cos

π

9
+ i sin

π

9

)
.

x2 − 8x+ 25, 3x2 + 8 = 0.

Âàðèàíò � 8.

z1 = 2− 4i, z2 = 3 + 2i, z3 = 2i, z4 = 3
(
cos

π

10
+ i sin

π

10

)
.

x2 + 6x+ 25, 4x2 + 7 = 0.

Âàðèàíò � 9.

z1 = −3 + 4i, z2 = 2− i, z3 = −
√
3 + i, z4 = 5

(
cos

π

6
+ i sin

π

6

)
.

x2 − 6x+ 12, 7x2 + 9 = 0.

Âàðèàíò � 10.

z1 = 5− i, z2 = 1 + 2i, z3 = 3 + i
√
3, z4 = 2

(
cos

π

7
+ i sin

π

7

)
.

x2 − 8x+ 17, 5x2 + 6 = 0.

Âàðèàíò � 11.

z1 = −6 + i, z2 = 2− 3i, z3 = 3 + 3i, z4 = 4
(
cos

π

5
+ i sin

π

5

)
.

x2 − 4x+ 29, 6x2 + 1 = 0.

Âàðèàíò � 12.

z1 = 1− 2i, z2 = 1 + 5i, z3 = −2 + 2i, z4 = 3

(
cos

2π

7
+ i sin

2π

7

)
.

x2 + 4x+ 8, 8x2 + 9 = 0.
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Âàðèàíò � 13.

z1 = 3 + 2i, z2 = 4− i, z3 = −3i, z4 =
√
6
(
cos

π

3
+ i sin

π

3

)
.

x2 − 10x+ 29, 4x2 + 1 = 0.

Âàðèàíò � 14.

z1 = 1− 5i, z2 = 3+ i, z3 = 1+ i
√
3, z4 =

√
7

(
cos

2π

9
+ i sin

2π

9

)
.

x2 + 2x+ 10, 5x2 + 3 = 0.

Âàðèàíò � 15.

z1 = 4 + 3i, z2 = 3− i, z3 = 2− 2i, z4 =
√
2
(
cos

π

6
+ i sin

π

6

)
.

x2 − 6x+ 10, 6x2 + 10 = 0.

Âàðèàíò � 16.

z1 = 2− 3i, z2 = 4 + i, z3 = 3− i
√
3, z4 =

√
3
(
cos

π

8
+ i sin

π

8

)
.

x2 + 2x+ 2, 7x2 + 2 = 0.

Âàðèàíò � 17.

z1 = −5+2i, z2 = 1−3i, z3 = −2+2i, z4 =
√
5

(
cos

2π

5
+ i sin

2π

5

)
.

x2 + 2x+ 4, 7x2 + 3 = 0.

Âàðèàíò � 18.

z1 = 3− 4i, z2 = 2 + i, z3 = −
√
3− i

√
3, z4 = 2

(
cos

π

3
+ i sin

π

3

)
.

x2 − 2x+ 17, 3x2 + 8 = 0.
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Âàðèàíò � 19.

z1 = 1 + i, z2 = 5− 3i, z3 = −2− 2
√
3i, z4 = 3

(
cos

π

4
+ i sin

π

4

)
.

x2 + 6x+ 13, 4x2 + 5 = 0.

Âàðèàíò � 20.

z1 = 2− 5i, z2 = 3 + i, z3 = 1− i
√
3, z4 = 2

(
cos

π

7
+ i sin

π

7

)
.

x2 + 4x+ 5, 5x2 + 7 = 0.

Âàðèàíò � 21.

z1 = −2 + i, z2 = 4− 3i, z3 = −2 + 2i, z4 =
√
2
(
cos

π

5
+ i sin

π

5

)
.

x2 + 8x+ 25, 6x2 + 4 = 0.

Âàðèàíò � 22.

z1 = 3− 4i, z2 = 1 + 2i, z3 = 3i, z4 = 2

(
cos

5π

8
+ i sin

5π

8

)
.

x2 − 6x+ 25, 7x2 + 11 = 0.

Âàðèàíò � 23.

z1 = 4 + i, z2 = 2− 3i, z3 = −1− i, z4 = 2
(
cos

π

3
+ i sin

π

3

)
.

x2 + 6x+ 12, 2x2 + 3 = 0.

Âàðèàíò � 24.

z1 = 1− 3i, z2 = 3 + 5i, z3 = 2− 2i, z4 = 3

(
cos

3π

7
+ i sin

3π

7

)
.

x2 + 8x+ 17, 3x2 + 4 = 0.

Âàðèàíò � 25.

z1 = 2 + 6i, z2 = 1− i, z3 =
√
3 + i, z4 = 2

(
cos

π

8
+ i sin

π

8

)
.

x2 + 4x+ 29, 4x2 + 3 = 0.
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Ïðèìåðû ðåøåíèÿ çàäà÷

Âàðèàíò I.

Çàäàíèå � 1.

Èçîáðàçèòå íà êîìïëåêñíîé ïëîñêîñòè òî÷êè, ñîîòâåòñòâóþùèå ÷èñëàì

z1 = 3− i, z2 = 2 + 5i, z3 = 1 = i
√
3, z4 = 2

(
cos

π

4
+ i sin

π

4

)
.

Çàäàíèå � 2.

Íàéäèòå â àëãåáðàè÷åñêîé ôîðìå
z21 + 5i

z2
.

Çàäàíèå � 3.

Ïåðåâåäèòå ÷èñëî z3 â òðèãîíîìåòðè÷åñêóþ ôîðìó è íàéäèòå (z3 · z4)10

(îòâåò äàòü â òðèãîíîìåòðè÷åñêîé è ïîêàçàòåëüíîé ôîðìå).

Çàäàíèå � 4

Ðåøèòå êâàäðàòíûå óðàâíåíèÿ:

4.1 6x2 + 9 = 0,

4.2 x2 + 10x+ 9 = 0.

Ðåøåíèÿ.

1. Êîìïëåêñíûå ÷èñëà èçîáðàæàþò òî÷êàìè ïëîñêîñòè. Ïðè ýòîì âåùå-
ñòâåííàÿ è ìíèìàÿ ÷àñòü ÷èñëà ðàññìàòðèâàþòñÿ êàê äåêàðòîâûå êîîðäè-
íàòû òî÷êè, ò. å. äëÿ èçîáðàæåíèÿ ÷èñëà z = x+ iy íà ïëîñêîñòè âûáèðàþò
òî÷êó ñ êîîðäèíàòàìè (x; y).

Åñëè æå ÷èñëî çàäàíî â òðèãîíîìåòðè÷åñêîé ôîðìå, òî ìîæíî ëèáî ïå-
ðåéòè ê àëãåáðàè÷åñêîé ôîðìå, ëèáî âûáðàòü òî÷êó, äëèíà ðàäèóñ-âåêòîðà
êîòîðîé ðàâíà ìîäóëþ êîìïëåêñíîãî ÷èñëà, à óãîë ìåæäó ðàäèóñ âåêòîðîì
è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox (âåùåñòâåííîé îñè) ðàâåí àðãó-
ìåíòó êîìïëåêñíîãî ÷èñëà (ñì. ðèñóíîê 10).

Èçîáðàæåíèå òî÷åê z1, z2, z3 è z4 íà êîìïëåêñíîé ïëîñêîñòè ïðåäñòàâ-
ëåíî íà ðèñóíêå 5.

2. Äëÿ âûïîëíåíèÿ îïåðàöèé â àðèôìåòè÷åñêîé ôîðìå ñëåäóåò èìåòü
ââèäó, ÷òî i2 = −1. Ïðîèçâåä¼ì âû÷èñëåíèÿ ïî äåéñòâèÿì.

z21 = (3− i)2 = 32 − 2 · 3i+ i2 = 9− 6i− 1 = 8− 6i.
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Ðèñóíîê 5 �Èçîáðàæåíèå ÷èñåë òî÷êàìè êîìïëåêñíîé ïëîñêîñòè (çàäàíèå 1)

z21 + 5i = 8− 6i+ 5i = 8− i.

Äëÿ âûïîëíåíèÿ äåëåíèÿ äîìíîæèì ÷èñëèòåëü è çíàìåíàòåëü íà êîìïëåêñ-
íî ñîïðÿæ¼ííîå ê çíàìåíàòåëþ, ó÷èòûâàÿ, ÷òî zz̄ = |z|2:

z21 + 5i

z2
=

8− i

2 + 5i
=

(8− i)(2− 5i)

(2 + 5i)(2− 5i)
=

16− 2i− 40i+ 5i2

4 + 25
=

=
11− 42i

29
=

11

29
− 42

29
i.

3. Äëÿ òîãî, ÷òîáû ïåðåâåñòè ÷èñëî z3 â òðèãîíîìåòðè÷åñêóþ ôîðìó,
âû÷èñëèì åãî ìîäóëü:

|z3| = r =
√

x2 + y2 =
√
1 + 3 = 2.

×èñëî z3 íàõîäèòñÿ â IV-îé ÷åòâåðòè, ñëåäîâàòåëüíî, ãëàâíîå çíà÷åíèå àð-
ãóìåíòà íàõîäèòñÿ ïî ôîðìóëå:

arg z3 = arctg
y

x
= arctg

−
√
3

1
= − arctg 3 = −π

3
.

Òðèãîíîìåòðè÷åñêàÿ ôîðìà êîìïëåêñíîãî ÷èñëà èìååò âèä

z = r (cosφ+ i sinφ) , ãäå r = |z|, φ = arg z.
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Ïîýòîìó îêîí÷àòåëüíî èìååì

z3 = 2
(
cos
(
−π

3

)
+ i sin

(
−π

3

))
.

Óìíîæåíèå êîìïëåêñíûõ ÷èñåë â òðèãîíîìåòðè÷åñêîé ôîðìå îñóùåñòâ-
ëÿåòñÿ ïî ôîðìóëå

z3z4 = |z3||z4| (cos (φ3 + φ4) + i sin (φ3 + φ4)) .

Ïîëó÷àåì

z3z4 = 2·2
(
cos
(π
4
− π

3

)
+ i sin

(π
4
− π

3

))
= 4

(
cos
(
− π

12

)
+ i sin

(
− π

12

))
.

Âîçâåäåíèå êîìïëåêñíîãî ÷èñëà â òðèãîíîìåòðè÷åñêîé ôîðìå â íàòó-
ðàëüíóþ ñòåïåíü n îñóùåñòâëÿåòñÿ ïî ôîðìóëå Ìóàâðà:

zn = |z|n (cosnφ+ i sinnφ) .

Èìååì:

(z3z4)
10 = 410

(
cos

(
−10π

12

)
+ i sin

(
−10π

12

))
=

= 220
(
cos

(
−5π

6

)
+ i sin

(
−5π

6

))
.

Ïîêàçàòåëüíàÿ ôîðìà êîìïëåêñíîãî ÷èñëà èìååò âèä

z = reiφ, ãäå r = |z|, φ = arg z.

Ïîýòîìó (z3z4)
10 = 220e

−
5πi
6 .

Çàìå÷àíèå. Ïðè âûïîëíåíèè çàäàíèÿ 3 ìîæåò âîçíèêíóòü ñèòóàöèÿ, ÷òî
ðåçóëüòàò âûðàæàåòñÿ íå ÷åðåç ãëàâíîå çíà÷åíèå àðãóìåíòà (−π < arg z 6),
à ÷åðåç êàêîå-íèáóäü äðóãîå. Â ýòîì ñëó÷àå ñëåäóåò âûäåëèòü ãëàâíîå çíà-
÷åíèå àðãóìåíòà, äîáàâèâ èëè îòíÿâ ñëàãàåìîå âèäà 2πk (k ∈ Z).

Íàïðèìåð, åñëè

z3 = 2
(
cos
(
−π

3

)
+ i sin

(
−π

3

))
è z4 = 2

(
cos
(
−π

4

)
+ i sin

(
−π

4

))
,

òî

(z3 · z4)10 =
(
2 · 2

(
cos
(
−π

4
− π

3

)
+ i sin

(
−π

4
− π

3

)))10
=

=

(
4 ·
(
cos

(
−7π

12

)
+ i sin

(
−7π

12

)))10

=
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= 410
(
cos

(
−70π

12

)
+ i sin

(
−70π

12

))
=

= 220
(
cos

(
−35π

6

)
+ i sin

(
−35π

6

))
.

Äîáàâëÿÿ ê òåêóùåìó çíà÷åíèþ àðãóìåíòà, ò. å.−35
6 , ÷èñëî 6π, ÷òî, ðàçóìå-

åòñÿ, íå ìåíÿåò íè êîñèíóñà, íè ñèíóñà, âûðàæàåì ðåçóëüòàò ÷åðåç ãëàâíîå
çíà÷åíèå àðãóìåíòà:

(z3 · z4)10 = 220
(
cos

(
6π − 35π

6

)
+ i sin

(
6π − 35π

6

))
=

= 220
(
cos
(π
6

)
+ i sin

(π
6

))
= 220e

πi
6 .

4. Ó÷ò¼ì, ÷òî âû÷èñëåíèå êîðíÿ èç îòðèöàòåëüíîãî ÷èñëà ñâîäèòñÿ ê
íàõîæäåíèþ àðèôìåòè÷åñêîãî êîðíÿ èç åãî ìîäóëÿ è èçâëå÷åíèþ êîðíÿ èç
−1, ò. å. ïðèìåíåíèþ ðàâåíñòâà

√
−1 = ±i.

4.1 6x2 + 9 = 0 ⇐⇒ x2 = −3

2
.

x = ±
√

−3

2
= ±

√
3

2

√
−1 = ±

√
2

3
i = ±

√
6

2
.

4.2 Âû÷èñëèì äèñêðèìèíàíò: D = 102− 4 · 29 = 100− 116 = −16. Òîãäà

x1,2 =
−10±

√
−16

2
=

−10±
√
16
√
−1

2
=

10± 4i

2
= −5± 2i.

Ïðèìå÷àíèå. Îáà óðàâíåíèÿ ìîæíî ðåøèòü, ïðèâîäÿ ëåâóþ ÷àñòü ê ðàç-
íîñòè êâàäðàòîâ:

6x2 + 9 = 0 ⇐⇒ x2 +
3

2
= 0 ⇐⇒ x2 −

(
i

√
3

2

)2

= 0 ⇐⇒

(
x− i

√
3

2

)(
x+ i

√
3

2

)
⇐⇒ x1,2 = ±i

√
3

2
⇐⇒ x1,2 = ±

√
6

2
.

x2+10x+29 = 0 ⇐⇒ x2+2 ·5 ·x+25+4 = 0 ⇐⇒ (x+5)2+22 = 0 ⇐⇒
(x+5)2 − (2i)2 = 0 ⇐⇒ (x+5− 2i)(x+5+ 2i) = 0 ⇐⇒ x1,2 = −5± 2i.
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Êîíòðîëüíàÿ ðàáîòà � 3

Ñîäåðæàíèå ðàáîòû

Çàäàíèÿ �� 1, 2, 3

Âû÷èñëèòå ïðåäåëû.

Çàäàíèÿ �� 4,5

Âû÷èñëèòå ïðîèçâîäíûå.

Çàäàíèå � 6

Èññëåäóéòå ôóíêöèþ è ïîñòðîéòå åå ãðàôèê.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Ãðóçäêîâ, À.À. Ýëåìåíòû òåîðèè ïðåäåëîâ: ìåòîäè÷åñêèå óêàçàíèÿ
/ À. À. Ãðóçäêîâ, Ì.Á. Êóï÷èíåíêî. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2010.�
64 ñ.

2. Ñëîáîäèíñêàÿ, Ò. Â. Ïðåäåëû. Ðåêîìåíäàöèè ê ðåøåíèþ çàäà÷ êîí-
òðîëüíîé ðàáîòû: ìåòîäè÷åñêèå óêàçàíèÿ / Ò. Â. Ñëîáîäèíñêàÿ, À. À.
Ãðóçäêîâ, Ì.Á. Êóï÷èíåíêî. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2010.� 29 ñ.

3. Øàëÿïèíà, Î.Â. Ïðåäåë è íåïðåðûâíîñòü ôóíêöèè: ìåòîäè÷åñêèå óêà-
çàíèÿ / Î.Â. Øàëÿïèíà, Ò.À. Óëàíîâà, Â. Ñ. Êàïèòîíîâ.� ÑÏá.:
ÑÏáÃÒÈ(ÒÓ), 2012.� 22 ñ.

4. Øàëÿïèíà, Î.Â. Ïðîèçâîäíûå è äèôôåðåíöèàëû. Ñïðàâî÷íûå ìàòå-
ðèàëû: ìåòîäè÷åñêèå óêàçàíèÿ / Î.Â. Øàëÿïèíà, Ò.À. Óëàíîâà, Â. Ñ.
Êàïèòîíîâ. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2012.� 18 ñ.

5. Áàñêàêîâà, Ï. Å. Ðåøåíèå òèïîâûõ âàðèàíòîâ êîíòðîëüíîé ðàáîòû ïî
òåìå ¾Ïðîèçâîäíàÿ ôóíêöèé îäíîé ïåðåìåííîé¿: ìåòîäè÷åñêèå óêàçà-
íèÿ / Ï.Å. Áàñêàêîâà, Ò.Â. Âèííèê, Í.Í. Ãèçëåð, À.Ä. Áàáàåâ.� ÑÏá.:
ÑÏáÃÒÈ(ÒÓ), 2011.� 16 ñ.

6. Ñëîáîäèíñêàÿ, Ò. Â. Èññëåäîâàíèå ôóíêöèé è ïîñòðîåíèå ãðàôèêîâ:
ìåòîäè÷åñêèå óêàçàíèÿ / Ò.Â. Ñëîáîäèíñêàÿ, Í.Í. Ãèçëåð, Ï.Å. Áàñ-
êàêîâà, Ì.Â. Êóëüòèíà.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2001.� 20 ñ.
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Óñëîâèÿ çàäà÷

Âàðèàíò � 1.

1. lim
x→∞

2x4 + 3x3 + 8

3x4 + 2x2 + 5
. 2. lim

x→2

x2 + 6x− 16

x2 − 4
. 3. lim

x→0

sin2 4x

8x2
.

4. y =
(2x − 1)6

log2 2x
. 5. y = (2 sin 3x+ 3 cos 3x) · arctg 4x+ 1

2x− 1
.

6. y =
x2

3x+ 5
.

Âàðèàíò � 2.

1. lim
x→∞

4x5 + 2x2 + 7

5x4 + 3x2 + 1
. 2. lim

x→−3

x3 + 7x2 + 16x+ 12

x3 + 8x2 + 21x+ 18
. 3. lim

x→0

tg2 3x

6x2
.

4. y =
sin 3x

2x2 + 3
. 5. y =

(
3e2x + ln 2x

)
· arccos 2x+ 1

x+ 2
.

6. y =
x2

x+ 1
.

Âàðèàíò � 3.

1. lim
x→∞

14x3 + 8x2 + 5x

7x3 + 2x+ 4
. 2. lim

x→−1

3x4 + 2x3 − x2 + 5x+ 5

x3 + 1
. 3. lim

x→0

arcsin2 5x

10x2
.

4. y =
(3x − 1)5

log3 3x
. 5. y = (4 cos 2x− 5 sin 2x) · arcctg 3x+ 1

3x− 1
.

6. y =
1

x
− x.

Âàðèàíò � 4.

1. lim
x→∞

4x4 + 3x3 + 1

4x5 + 2x2 + 3
. 2. lim

x→1

x3 − 1

x4 − 1
. 3. lim

x→0

arctg2 4x

8x2
.

4. y =
cos 5x

4x3 + 3
. 5. y =

(
3e4x + log2 3x

)
· arcsin 4x+ 1

3x− 1
.

6. y =
x2 + 3

x− 1
.
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Âàðèàíò � 5.

1. lim
x→∞

2x3 + x2 + 11

x3 + 2x+ 4
. 2. lim

x→−1

x3 + 4x2 + 5x+ 2

x3 − 3x− 2
. 3. lim

x→0

23x
2 − 1

9x2
.

4. y =
(4x − 2)3

log4 4x
. 5. y = (2 cos 3x− 3 sin 3x) · arctg x+ 1

x− 1
.

6. y =
x2 + 5

x− 2
.

Âàðèàíò � 6.

1. lim
x→∞

4x6 + 8x+ 5

2x6 + 3x2 + x
. 2. lim

x→2

x2 − 5x+ 6

x2 − 8x+ 12
. 3. lim

x→0

ln2(1 + 3x)

3x2
.

4. y =
4x2 + 1

arctg 2x
. 5. y = (5 sin 5x− 4 cos 5x) · ctg x+ 1

x+ 2
.

6. y =
x3

(x+ 1)2
.

Âàðèàíò � 7.

1. lim
x→∞

3x5 + 2x3 + 1

9x5 + 11x+ 2
. 2. lim

x→−1

x2 − x− 2

x3 + 1
. 3. lim

x→0

(
32x − 1

)2
4x2

.

4. y =
ln6 x

x2 + x
. 5. y =

(
4 · 32x + 23x

)
· arccos x− 2

x+ 2
.

6. y =
x2 − x− 6

x− 2
.

Âàðèàíò � 8.

1. lim
x→∞

4x6 + x2 + 1

2x5 + 2x− 1
. 2. lim

x→−2

3x+ 6

x3 + 8
. 3. lim

x→0

sin2 6x

36x2
.

4. y =
e3x − 1

ln 3x
. 5. y = (5 tg 5x− 3 ctg 5x) · arcsin x+ 3

x− 1
.

6. y =
x2

x− 2
.
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Âàðèàíò � 9.

1. lim
x→∞

10x5 + 11x− 1

2x6 + x+ 2
. 2. lim

x→2

(
1

x− 2
− 12

x3 − 8

)
. 3. lim

x→0

arcsin2 4x

3x2
.

4. y =
sin 4x

4x2 + x
. 5. y =

(
3e2x − 22 ln 2x

)
· arctg x− 2

x+ 1
.

6. y =
x3 − 5x

5− 3x2
.

Âàðèàíò � 10.

1. lim
x→∞

8x4 + 2x2 + 11

2x4 + x− 1
. 2. lim

x→0

x3 − 4x

x4 + 3x2 − x
. 3. lim

x→0

arctg3 2x

3x3
.

4. y =
42x − 1

log4 2x
. 5. y = (2 ctg 2x− 3 tg 3x) · arcsin x+ 1

x+ 2
.

6. y =
4− x2

2x− 1
.

Âàðèàíò � 11.

1. lim
x→∞

10x5 + 3x4 + 2

5x5 + x− 1
. 2. lim

x→0

4x2 − 3x

2x2 − 9x
. 3. lim

x→0

ln2(1 + 9x)

81x2
.

4. y =
log3 3x

32x − 1
. 5. y = (3 cos 4x− 4 sin 4x) · arctg 2x+ 1

2x− 1
.

6. y =
x2 + 2x− 1

x
.

Âàðèàíò � 12.

1. lim
x→∞

12x4 + 2x2 + 5

6x4 + x− 3
. 2. lim

x→−1

x3 − 3x− 2

x+ x2
. 3. lim

x→0

e5x
2 − 1

10x2
.

4. y =
cos 5x

3x2 + x
. 5. y =

(
2 · 34x − ln 3x

)
· arcsin x− 3

x+ 4
.

6. y =
(x+ 1)2

x− 2
.
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Âàðèàíò � 13.

1. lim
x→∞

x7 + 2x4 + 3

3x6 + x2 + x
. 2. lim

x→−1

(
x2 + 3x+ 2

)2
x3 + 2x2 − x− 2

. 3. lim
x→0

ln2(1 + 6x)

3x2
.

4. y =
ctg 2x

sin 4x
. 5. y =

(
3 · 43x − log4 3x

)
· arctg 2x− 1

2x+ 2
.

6. y =
x2 + 3

x+ 1
.

Âàðèàíò � 14.

1. lim
x→∞

4x7 + 2x+ 1

2x7 + 4x+ 3
. 2. lim

x→−1

(
x3 + 2x2 − 1

)2
x4 + 2x+ 1

. 3. lim
x→0

(
e3x − 1

)2
6x2

.

4. y =
43x

cos 3x
. 5. y = (2 sin 5x− ln 5x) · arccos 3x− 1

3x+ 1
.

6. y =
x

4 (x2 + 1)
.

Âàðèàíò � 15.

1. lim
x→∞

5x7 + 3x2 + 1

5x8 + 2x+ 3
. 2. lim

x→−3

(
x2 + 2x− 3

)2
x3 + 4x2 + 3x

. 3. lim
x→0

23x − 1

log2(1 + 3x)
.

4. y =
ctg 11x

x2 + 3x
. 5. y = (4 cos 8x+ 8 sin 4x) · arcctg 5x+ 1

5x− 1
.

6. y =
x3 + 4

x2
.

Âàðèàíò � 16.

1. lim
x→∞

12x12 + 2x5 + x

6x12 + x4 + 6
. 2. lim

x→1

x2 − 2x+ 1

2x2 − x− 1
. 3. lim

x→0

1− cos 4x

8x2
.

4. y =
73x − 1

log7 3x
. 5. y = (8 ctg 2x+ 3 tg 2x) · arctg 3x+ 2

3x− 2
.

6. y =
x2

1− x
.
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Âàðèàíò � 17.

1. lim
x→∞

10x4 + 3x+ 2

10x3 + 3x2 + 2
. 2. lim

x→0

(1 + x)3 − (1 + 3x)

x+ x5
. 3. lim

x→0

tg2 3x

arcsin 3x2
.

4. y =
x2 + 6x√
x+ 3

. 5. y =
(
63x + 2 sin 4x

)
· arccos 3x− 1

3x+ 1
.

6. y =
x3 + 4

x2
.

Âàðèàíò � 18.

1. lim
x→∞

9x9 + 3x3 + x

3x9 + 9x3 + 1
. 2. lim

x→−1

x3 − 3x− 2

x2 − x− 2
. 3. lim

x→0

arctg2 4x

4x2
.

4. y =
(x+ 1)2√
ex + 2

. 5. y = (9 cos 2x+ 2 sin 2x) · arcctg 5x+ 2

5x− 2
.

6. y =
2

x2 + 2x
.

Âàðèàíò � 19.

1. lim
x→∞

x9 + 3x3 + x

3x10 + 3x+ 1
. 2. lim

x→1

x3 + x2 − 5x+ 3

x3 − x2 − x+ 1
. 3. lim

x→0

arcsin2 10x

5x2
.

4. y =
25x − 1

log2(1 + 5x)
. 5. y = (4 cos 3x+ 3 sin 4x) · arctg 4x+ 3

4x− 3
.

6. y =
4− x3

x2
.

Âàðèàíò � 20.

1. lim
x→∞

x8 + x4 + 2

x6 + x3 + 1
. 2. lim

x→1

x4 − 1

2x4 − x2 − 1
. 3. lim

x→0

1− cos 6x

3x2
.

4. y =
62x − 1

log6 2x
. 5. y =

(
4 cos

x

4
+ 2 sin

x

2

)
· arctg 5x+ 2

5x− 2
.

6. y =
x2

(x− 1)2
.
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Âàðèàíò � 21.

1. lim
x→∞

4x8 + x+ 11

2x8 + x2 + 2
. 2. lim

x→−2

x3 + 5x2 + 8x+ 4

x3 + 3x2 − 4
. 3. lim

x→0

sin2 7x

7x2
.

4. y =
log9 8x

98x − 1
. 5. y =

(
3 sin

x

3
+ 6 cos

x

3

)
· arcctg 2x+ 5

2x− 5
.

6. y =
4x2

3 + x2
.

Âàðèàíò � 22.

1. lim
x→∞

x3 + x+ 1

3x3 + 2x2 + x
. 2. lim

x→−1

x3 − 3x− 2

(x2 − x− 2)2
. 3. lim

x→0

arctg2 6x

3x2
.

4. y =
103x − 1

lg 3x
. 5. y =

(
5 sin

x

5
+ 2 cos

x

2

)
· arcsin 4x+ 3

4x− 3
.

6. y =
12− 3x2

x2 + 12
.

Âàðèàíò � 23.

1. lim
x→∞

x3 − 6x2 + 12x− 8

x3 − 3x2 + 4
. 2. lim

x→2

x3 − 6x2 + 12x− 8

x3 − 3x2 + 4
. 3. lim

x→0

1− cos 8x

4x2
.

4. y =
sin 2x√
x2 + x

. 5. y =
(
3 cos

x

3
+ 2 ctg

x

2

)
· arcsin 2x− 3

2x+ 3
.

6. y =
−8x

x2 + 4
.

Âàðèàíò � 24.

1. lim
x→∞

x3 − 3x− 2

x− 2
. 2. lim

x→2

x3 − 3x− 2

x− 2
. 3. lim

x→0

arctg2 8x

4x2
.

4. y =
35x − 1

log3 5x
. 5. y =

(
4 ctg

x

4
+ 3 tg

x

3

)
· arccos 3x− 2

3x+ 2
.

6. y =
2x3 + 1

x2
.
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Âàðèàíò � 25.

1. lim
x→∞

x2 − 2x+ 1

x3 − x2 − x+ 1
. 2. lim

x→1

x2 − 2x+ 1

x3 − x2 − x+ 1
. 3. lim

x→0

arcsin2
x

2
3x2

.

4. y =
ex + e−x

ex − e−x
. 5. y =

(
3 ctg

x

3
+ 2 cos

x

2

)
· ln
(
1 +

2x+ 1

2x− 1

)
.

6. y =
−x2

(x+ 2)2
.

Ïðèìåðû ðåøåíèÿ çàäà÷

Âàðèàíò I.

Âû÷èñëèòå ïðåäåëû:

1. lim
x→∞

4x6 + 5x3 + 7

2x6 + x2 − x+ 12
. 2. lim

x→3

x3 − 4x2 − 3x+ 18

x3 − 5x2 + 3x+ 9
. 3. lim

x→0

ln2(1 + 6x)

3x2
.

Íàéäèòå ïðîèçâîäíûå:

4. y =
98x − 1

log9(1 + 8x)
. 5. y = (5 cos 10x+ 10 sin 5x) · arcsin 4x+ 1

4x− 1
.

6. Èññëåäóéòå ôóíêöèþ y =
x4

x3 − 1
è ïîñòðîéòå å¼ ãðàôèê.

Ðåøåíèÿ.

1. ×èñëèòåëü è çíàìåíàòåëü äðîáè ïðè x → ∞ ñòðåìÿòñÿ ê áåñêîíå÷íîñòè,
ïîýòîìó íåîáõîäèìî ðàñêðûòü íåîïðåäåëåííîñòü âèäà

{∞
∞
}
. Âûíåñåì çà

ñêîáêè ñòàðøóþ ñòåïåíü ÷èñëèòåëÿ è çíàìåíàòåëÿ è ñîêðàòèì äðîáü. Äàëåå
ó÷òåì, ÷òî âåëè÷èíà îáðàòíàÿ ê áåñêîíå÷íî áîëüøîé ÿâëÿåòñÿ áåñêîíå÷íî
ìàëîé.

lim
x→∞

4x6 + 5x3 + 7

2x6 + x2 − x+ 12

{∞
∞

}
= lim

x→∞

x6
(
4 +

5x3

x6
+

7

x6

)
x6
(
2 +

x2

x6
− x

x6
+

12

x6

) =

= lim
x→∞

4 +

↗ 0︷ ︸︸ ︷
5

x
+

7

x6

2 +
1

x4
− 1

x5
+

12

x6︸ ︷︷ ︸
↘ 0

=
4

2
= 2.
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2. ×èñëèòåëü è çíàìåíàòåëü äðîáè ïðè x → 3 ñòðåìÿòñÿ ê íóëþ, ïîýòîìó
íåîáõîäèìî ðàñêðûòü íåîïðåäåëåííîñòü âèäà

{
0
0

}
. Ñîêðàòèì äðîáü, ïîäå-

ëèâ ÷èñëèòåëü è çíàìåíàòåëüíà êðèòè÷åñêèé ìíîæèòåëü x− 3:

x3 −4x2 −3x+18 x− 3

x3 −3x2 x2 − x− 6

−x2 −3x
−x2 +3x

−6x+18
−6x+18

0

x3− 5x2 +3x+9 x− 3

x3− 3x2 x2 − 2x− 3

−2x2+3x
−2x2+6x

−3x+9
−3x+9

0

L = lim
x→3

x3 − 4x2 − 3x+ 18

x3 − 5x2 + 3x+ 9

{
0

0

}
= lim

x→3

x2 − x− 6

x2 − 2x− 3

{
0

0

}
.

Ïîñêîëüêó ïîñëå ñîêðàùåíèÿ äðîáè íåîïðåäåëåííîñòü
{
0
0

}
ñîõðàíèëàñü,

ñíîâà ñîêðàòèì äðîáü íà êðèòè÷åñêèé ìíîæèòåëü x − 3, ïðåäâàðèòåëüíî
ðàçëîæèâ ÷èñëèòåëü è çíàìåíàòåëü íà ìíîæèòåëè:

L = lim
x→3

(x− 3)(x+ 2)

(x− 3)(x+ 1)
= lim

x→3

x+ 2

x+ 1
=

3 + 2

3 + 1
=

5

4
.

3. Âûðàæåíèÿ, ñòîÿùèå â ÷èñëèòåëå è çíàìåíàòåëå äðîáè, ïðè x = 0 îáðà-
ùàþòñÿ â íîëü. Äëÿ ðàñêðûòèÿ íåîïðåäåëåííîñòè âèäà

{
0
0

}
âîñïîëüçóåìñÿ

çàìåíîé áåñêîíå÷íî ìàëûõ íà ýêâèâàëåíòíûå:

ln(1 + 6x) ∼ 6x ïðè x → 0.

lim
x→0

ln2(1 + 6x)

3x2
= lim

x→0

(6x)2

3x2
= lim

x→0

36x2

3x2
= 12.

4.

y′ =

(
98x − 1

log9(1 + 8x)

)′

=

(
98x − 1

)′
log9(1 + 8x)−

(
98x − 1

)
(log9(1 + 8x))′

log29(1 + 8x)
=

=

98x · ln 9 · (8x)′ · log9(1 + 8x)−
(
98x − 1

)
· 1

(1 + 8x) ln 9
· (1 + 8x)′

log29(1 + 8x)
=

=

8

(
98x · ln 9 · log9(1 + 8x)− 98x − 1

(1 + 8x) ln 9

)
log29(1 + 8x)

=

= 8 · 9
8x ln2 9 · (1 + 8x) log9(1 + 8x)− 98x + 1

(1 + 8x) ln 9 · log29(1 + 8x)
.
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5.

y′ =

(
(5 cos 10x+ 10 sin 5x) · arcsin 4x+ 1

4x− 1

)′
=

= (5 cos 10x+ 10 sin 5x)′ · arcsin 4x+ 1

4x− 1
+

+ (5 cos 10x+ 10 sin 5x) ·
(
arcsin

4x+ 1

4x− 1

)′
=

=
(
5 (cos 10x)′ + 10 (sin 5x)′

)
· arcsin 4x+ 1

4x− 1
+

+ (5 cos 10x+ 10 sin 5x) · 1√
1−

(
4x+ 1

4x− 1

)2
·
(
4x+ 1

4x− 1

)′
=

= (−5 sin 10x · (10x)′ + 10 cos 5x · (5x)′) · arcsin 4x+ 1

4x− 1
+

+
5 cos 10x+ 10 sin 5x√

1− (4x+ 1)2

(4x− 1)2

· (4x+ 1)′(4x− 1)− (4x+ 1)(4x− 1)′

(4x− 1)2
=

= 50 (− sin 10x+ cos 5x) · arcsin 4x+ 1

4x− 1
+

+
(5 cos 10x+ 10 sin 5x) |4x− 1|√

(4x− 1)2 − (4x+ 1)2
· 4(4x− 1)− (4x+ 1)4

(4x− 1)2
=

= 50 (− sin 10x+ cos 5x) · arcsin 4x+ 1

4x− 1
+

+
5 (cos 10x+ 2 sin 5x) |4x− 1|√

(4x− 1− 4x− 1)(4x− 1 + 4x+ 1)
· 4(4x− 1)− (4x+ 1)4

|4x− 1|2
=

= 50 (− sin 10x+ cos 5x) · arcsin 4x+ 1

4x− 1
+

5 (cos 10x+ 2 sin 5x)

4
√
−x

· −8

|4x− 1|
=

= 50 (− sin 10x+ cos 5x) · arcsin 4x+ 1

4x− 1
+

10 (cos 10x+ 2 sin 5x)

(4x− 1)
√
−x

.

Ïðèìå÷àíèå. Ïðè âû÷èñëåíèè áûëî ó÷òåíî, ÷òî ïåðåìåííàÿ x äîëæíà
ïðèíèìàòü òîëüêî îòðèöàòåëüíûå çíà÷åíèÿ (àíàëèç îáëàñòè îïðåäåëåíèÿ).
Ïîýòîìó 4x− 1 < 0 è, ñëåäîâàòåëüíî, |4x− 1| = −(4x− 1) = 1− 4x.

6. y =
x4

x3 − 1

1) Îáëàñòü îïðåäåëåíèÿ ôóíêöèè: D(y) = (−∞; 1) ∪ (1;+∞).
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2) Ôóíêöèÿ íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé. Ôóíêöèÿ íå ìîæåò áûòü ÷åòíîé
èëè íå÷åòíîé, ïîñêîëüêó åå îáëàñòü îïðåäåëåíèÿ íå ñèììåòðè÷íà îòíîñè-
òåëüíî íóëÿ. Ôóíêöèÿ y(x) � îáùåãî âèäà.

3) Ôóíêöèÿ íåïðåðûâíà âî âñåõ òî÷êàõ, êðîìå x = 1.
4) Âû÷èñëèì îäíîñòîðîííèå ïðåäåëû ôóíêöèè â òî÷êå x = 1:

lim
x→1−0

x4

x3 − 1
= −∞, lim

x→1+0

x4

x3 − 1
= +∞.

Ò. ê. îäíîñòîðîííèå ïðåäåëû ôóíêöèè â òî÷êå x = 1 áåñêîíå÷íû, ãðàôèê
ôóíêöèè èìååò îäíó âåðòèêàëüíóþ àñèìïòîòó x = 1.

Èññëåäóåì ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

lim
x→±∞

x4

x3 − 1

{∞
∞

}
= lim

x→±∞

x

1− 1

x3

= ±∞.

Ôóíêöèÿ èìååò áåñêîíå÷íûé ïðåäåë íà áåñêîíå÷íîñòè, ñëåäîâàòåëüíî
ãîðèçîíòàëüíûõ àñèìïòîò íåò. Ïðîâåðèì íàëè÷èå íàêëîííûõ àñèìïòîò:

k = lim
x→±∞

y

x
= lim

x→±∞

x3

x3 − 1

{∞
∞

}
= lim

x→±∞

1

1− 1

x3

= 1,

b = lim
x→±∞

(y − kx) = lim
x→±∞

(
x4

x3 − 1
− x

)
{∞−∞} = lim

x→±∞

x

x3 − 1
= 0.

Òàêèì îáðàçîì, ïðÿìàÿ y = kx+ b, ò. å. y = x, ÿâëÿåòñÿ íàêëîííîé àñèìï-
òîòîé ãðàôèêà ôóíêöèè îäíîâðåìåííî äëÿ ïðàâîé (x → +∞) è äëÿ ëåâîé
(x → −∞) âåòâåé ãðàôèêà ôóíêöèè.

5) Èññëåäóåì ôóíêöèþ íà âîçðàñòàíèå, óáûâàíèå, ýêñòðåìóì.

y′ =

(
x4

x3 − 1

)′

=
4x3

(
x3 − 1

)
− x4 · 3x2

(x3 − 1)2
=

x6 − 4x3

(x3 − 1)2
=

x3
(
x3 − 4

)
(x3 − 1)2

.

Ïðîèçâîäíàÿ ñóùåñòâóåò è êîíå÷íà âî âñåõ òî÷êàõ îáëàñòè îïðåäåëåíèÿ
ôóíêöèè, ïîýòîìó ¾ïîäîçðèòåëüíûå¿ íà ýêñòðåìóì òî÷êè íàõîäèì èç óñëî-
âèÿ y′ = 0. Ïîëó÷àåì äâå òî÷êè: x1 = 0 è x2 =

3
√
4.

Äëÿ îïðåäåëåíèÿ ïðîìåæóòêîâ ìîíîòîííîñòè è òî÷åê ýêñòðåìóìà ãðà-
ôèêà ôóíêöèè ïîñòðîèì òàáëèöó (ñì. òàáëèöó 1), âûäåëÿÿ òî÷êè, â êîòî-
ðûõ ïðîèçâîäíàÿ ðàâíà íóëþ èëè íå ñóùåñòâóåò (ïîâåäåíèå ôóíêöèè ìîæåò
èçìåíèòüñÿ êàê â òî÷êàõ ýêñòðåìóìà, òàê è â òî÷êàõ ðàçðûâà).

Òàêèì îáðàçîì, ôóíêöèÿ âîçðàñòàåò ïðè x ∈ (−∞; 0) ∪ ( 3
√
4;+∞) è

óáûâàåò ïðè x ∈ (0; 1) ∪ (1; 3
√
4). Âû÷èñëèì çíà÷åíèÿ ôóíêöèè â òî÷êàõ
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Òàáëèöà 1 � Èññëåäîâàíèå ôóíêöèè íà ìîíîòîííîñòü

x (−∞; 0) 0 (0; 1) 1
(
1; 3
√
4
)

3
√
4
(

3
√
4;+∞

)
y′ + 0 − ̸∃ − 0 +

y ↗ max ↘ ̸∃ ↘ min ↗

ýêñòðåìóìà:

y(0) = 0; y
(

3
√
4
)
=

4

3
3
√
4.

6) Íàéäåì èíòåðâàëû âûïóêëîñòè è âîãíóòîñòè ãðàôèêà ôóíêöèè. Íàé-
äåì âòîðóþ ïðîèçâîäíóþ:

y′′ =

(
x6 − 4x3

(x3 − 1)2

)′

=

(
6x5 − 12x2

) (
x3 − 1

)2 − (x6 − 4x3
)
2
(
x3 − 1

)
3x2

(x3 − 1)4
=

=

(
x3 − 1

) (
6x2

(
x3 − 2

) (
x3 − 1

)
− 6x5

(
x3 − 4

))
(x3 − 1)4

=

=
6x2

((
x3 − 2

) (
x3 − 1

)
− x3

(
x3 − 4

))
(x3 − 1)3

=
6x2

(
x6 − 3x3 + 2− x6 + 4x3

)
(x3 − 1)3

=

=
6x2

(
x3 + 2

)
(x3 − 1)3

.

Âòîðàÿ ïðîèçâîäíàÿ òàêæå ñóùåñòâóåò è êîíå÷íà âî âñåõ òî÷êàõ îáëàñòè
îïðåäåëåíèÿ ôóíêöèè, ïîýòîìó ¾ïîäîçðèòåëüíûå¿ íà ïåðåãèá òî÷êè íàõî-
äÿòñÿ èç óñëîâèÿ y′′ = 0. Ðåøàÿ ýòî óðàâíåíèå

6x2
(
x3 + 2

)
(x3 − 1)3

= 0 =⇒ 6x2
(
x3 + 2

)
= 0,

íàõîäèì äâå òî÷êè: x3 = 0, x4 = − 3
√
2. Îäíàêî, x = 0 � òî÷êà ãëàäêîãî

ìàêñèìóìà, ïîýòîìó ïåðåãèá ìîæåò áûòü òîëüêî â òî÷êå x = − 3
√
2. Äëÿ

îïðåäåëåíèÿ íàïðàâëåíèÿ âûïóêëîñòè ãðàôèêà ôóíêöèè ñòðîèì òàáëèöó
(ñì. òàáëèöó 2). Çàìåòèì, ÷òî â òàáëèöó íóæíî âêëþ÷àòü è òî÷êó ðàçðûâà,

Òàáëèöà 2 � Èññëåäîâàíèå íàïðàâëåíèÿ âûïóêëîñòè ãðàôèêà

x (−∞;− 3
√
2) − 3

√
2 (− 3

√
2; 0) 0 (0; 1) 1 (1;+∞)

y′′ + 0 − 0 − ̸∃ +

y ∪ ïåðåãèá ∩ 0 ∩ ̸∃ ∪
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ïîòîìó ÷òî èçìåíåíèå íàïðàâëåíèÿ âûïóêëîñòè ìîæåò ïðîèñõîäèòü, êàê â
òî÷êàõ ïåðåãèáà, òàê è â òî÷êàõ ðàçðûâà.

Èòàê, ãðàôèê ôóíêöèè áóäåò âûïóêëûì ïðè x ∈ (− 3
√
2; 1) è âîãíóòûì

ïðè x ∈ (−∞;− 3
√
2) ∪ (1;+∞). Òî÷êà − 3

√
2 ÿâëÿåòñÿ òî÷êîé ïåðåãèáà ãðà-

ôèêà ôóíêöèè, ïðè÷åì y′
(
− 3
√
2
)
=

4

3
, ò. å. ïåðåãèá ïîä óãëîì arctg 4

3 , çíà-

÷åíèå ôóíêöèè â òî÷êå ïåðåãèáà y
(
− 3
√
2
)
= −2

3
3
√
2.

8) Èñïîëüçóÿ ðåçóëüòàòû èññëåäîâàíèÿ, ñòðîèì ãðàôèê ôóíêöèè (ñì.
ðèñóíîê 6).

Ðèñóíîê 6 � Ãðàôèê ôóíêöèè y =
x4

x3 − 1

Âàðèàíò II.

Âû÷èñëèòå ïðåäåëû:

1. lim
x→∞

x2 − 4x+ 4

x3 − 2x2 − 4x+ 8
. 2. lim

x→2

x2 − 4x+ 4

x3 − 2x2 − 4x+ 8
. 3. lim

x→0

1− cos 6x

3x2
.

Íàéäèòå ïðîèçâîäíûå:

4. y =
23x − 2−3x

23x + 2−3x
. 5. y =

(
4 sin

x

4
+ 2 cos

x

2

)
· arctg 4x− 7

4x+ 7
.
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6. Èññëåäóéòå ôóíêöèþ y =
x2

(x− 3)2
è ïîñòðîéòå å¼ ãðàôèê.

Ðåøåíèÿ.

1. ×èñëèòåëü è çíàìåíàòåëü äðîáè ïðè x → ∞ ñòðåìÿòñÿ ê áåñêîíå÷íî-
ñòè, ïîýòîìó íåîáõîäèìî ðàñêðûòü íåîïðåäåëåííîñòü âèäà

{∞
∞
}
. Âûíåñåì

â ÷èñëèòåëå è çíàìåíàòåëå ñòàðøèå ñòåïåíè çà ñêîáêó è ñîêðàòèì äðîáü.

lim
x→∞

x2 − 4x+ 4

x3 − 2x2 − 4x+ 8

{∞
∞

}
= lim

x→∞

x2
(
1− 4

x
+

4

x2

)
x3
(
1− 2

x
− 4

x2
+

8

x3

) =

= lim
x→∞

1

x
·

1−

↗0︷ ︸︸ ︷
4

x
+

4

x2

1− 2

x
− 4

x2
+

8

x3︸ ︷︷ ︸
↘0

= 0 · 1 + 0 + 0

1 + 0 + 0 + 0
= 0.

2. Â òî÷êå x = 2 ÷èñëèòåëü è çíàìåíàòåëü îáðàùàþòñÿ â íîëü. ×òîáû ðàñ-
êðûòü íåîïðåäåëåííîñòü âèäà

{
0
0

}
, ñîêðàòèì äðîáü íà êðèòè÷åñêèé ìíî-

æèòåëü x− 2, ïðåäâàðèòåëüíî ðàçëîæèâ ÷èñëèòåëü è çíàìåíàòåëü íà ìíî-
æèòåëè.

lim
x→2

x2 − 4x+ 4

x3 − 2x2 − 4x+ 8

{
0

0

}
= lim

x→2

(x− 2)2

x2(x− 2)− 4(x− 2)
=

= lim
x→2

(x− 2)2

(x− 2) (x2 − 4)
= lim

x→2

(x− 2)2

(x− 2)2 (x+ 2)
= lim

x→2

1

x+ 2
=

1

4
.

3. Äëÿ ðàñêðûòèÿ íåîïðåäåëåííîñòè çàìåíèì áåñêîíå÷íî ìàëóþ â ÷èñëè-
òåëå íà ýêâèâàëåíòíóþ:

1− cos 6x = 2 sin2 3x ∼ 2 · (3x)2 = 18x2 ïðè x → 0.

lim
x→0

1− cos 6x

3x2
= lim

x→0

18x2

3x2
= 6.
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4.

y′ =

(
23x − 2−3x

23x + 2−3x

)′

=

=

(
23x − 2−3x

)′ (
23x + 2−3x

)
−
(
23x − 2−3x

) (
23x + 2−3x

)′
(23x + 2−3x)2

=

=

(
23x ln 2 · (3x)′ − 2−3x ln 2 · (−3x)′

) (
23x + 2−3x

)
−

(23x + 2−3x)2

−
(
23x − 2−3x

) (
23x ln 2 · (3x)′ + 2−3x ln 2 · (−3x)′

)
(23x + 2−3x)2

=

=
3 ln 2

((
23x + 2−3x

) (
23x + 2−3x

)
−
(
23x − 2−3x

) (
23x − 2−3x

))
(23x + 2−3x)2

=

=
3 ln 2

((
26x + 2 + 2−6x

)
−
(
26x − 2 + 2−6x

))
(23x + 2−3x)2

=
12 ln 2

(23x + 2−3x)2
.

5.

y′ =

((
4 sin

x

4
+ 2 cos

x

2

)
· arctg 4x− 7

4x+ 7

)′
=

=
(
4 sin

x

4
+ 2 cos

x

2

)′
arctg

4x− 7

4x+ 7
+
(
4 sin

x

4
+ 2 cos

x

2

)(
arctg

4x− 7

4x+ 7

)′
.

Âûïîëíèì äèôôåðåíöèðîâàíèå ïî äåéñòâèÿì:

a)
(
4 sin

x

4
+ 2 cos

x

2

)′
= 4 cos

x

4
·
(x
4

)′
− 2 sin

x

2
·
(x
2

)′
= cos

x

4
− sin

x

2
.

b)

(
arctg

4x− 7

4x+ 7

)′
=

1

1 +

(
4x− 7

4x+ 7

)2 ·
(
4x− 7

4x+ 7

)′
=

=
1

1 +
(4x− 7)2

(4x+ 7)2

· (4x− 7)′(4x+ 7)− (4x− 7)(4x+ 7)′

(4x+ 7)2
=

=
4(4x+ 7)− (4x− 7)4

(4x+ 7)2 + (4x− 7)2
=

4 · (4x+ 7− 4x+ 7)

16x2 + 56x+ 49 + 16x2 − 56x+ 49
=

=
28

16x2 + 49
.

50



Ïîäñòàâëÿÿ âû÷èñëåííûå ïðîèçâîäíûå, ïîëó÷àåì îêîí÷àòåëüíûé ðåçóëü-
òàò:

y′ =
(
cos

x

4
− sin

x

2

)
arctg

4x− 7

4x+ 7
+

56
(
2 sin

x

4
+ cos

x

2

)
16x2 + 49

.

6. y =
x2

(x− 3)2

1) Îáëàñòü îïðåäåëåíèÿ ôóíêöèè: D(y) = (−∞; 3) ∪ (3;+∞).

Çàìåòèì, ÷òî y =

(
x

x− 3

)2

, ïîýòîìó y > 0 äëÿ âñåõ x èç îáëàñòè

îïðåäåëåíèÿ.

2) Ôóíêöèÿ íå ÿâëÿåòñÿ ïåðèîäè÷åñêîé. Îáëàñòü îïðåäåëåíèÿ íåñèììåò-
ðè÷íà îòíîñèòåëüíî íóëÿ, ñëåäîâàòåëüíî, ôóíêöèÿ íå ìîæåò áûòü ÷åòíîé
èëè íå÷åòíîé è ÿâëÿåòñÿ ôóíêöèåé îáùåãî âèäà.

3) Ôóíêöèÿ íåïðåðûâíà âî âñåõ òî÷êàõ îáëàñòè îïðåäåëåíèÿ è òåðïèò
ðàçðûâ ïðè x = 3.

4) Âûÿñíèì, áóäåò ëè ïðÿìàÿ x = 3 ÿâëÿòüñÿ âåðòèêàëüíîé àñèìïòîòîé
ãðàôèêà ôóíêöèè. Äëÿ ýòîãî âû÷èñëèì îäíîñòîðîííèå ïðåäåëû:

lim
x→3−0

x2

(x− 3)2
= lim

x→3+0

x2

(x− 3)2
= +∞.

Òàêèì îáðàçîì, ãðàôèê ôóíêöèè èìååò îäíó âåðòèêàëüíóþ àñèìïòîòó x =
3.

Èññëåäóåì ïîâåäåíèå ôóíêöèè íà áåñêîíå÷íîñòè.

lim
x→±∞

x2

(x− 3)2

{∞
∞

}
= lim

x→±∞

x2

x2
(
1− 3

x

)2 = 1.

Ôóíêöèÿ èìååò êîíå÷íûé ïðåäåë ïðè x → ±∞, ñëåäîâàòåëüíî ïðÿìàÿ
y = 1 ÿâëÿåòñÿ ãîðèçîíòàëüíîé àñèìïòîòîé è äëÿ ïðàâîé (x → +∞) è äëÿ
ëåâîé (x → −∞) âåòâåé ãðàôèêà.

5) Èññëåäóåì ôóíêöèþ íà ìîíîòîííîñòü è ýêñòðåìóìû.

y′ =

((
x

x− 3

)2
)′

= 2 · x

x− 3
· x

′(x− 3)− x(x− 3)′

(x− 3)2
=

2x(x− 3− x)

(x− 3)3
=

= − 6x

(x− 3)3
.
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Ïðîèçâîäíàÿ ñóùåñòâóåò è êîíå÷íà âî âñåõ òî÷êàõ îáëàñòè îïðåäåëåíèÿ
ôóíêöèè, ïîýòîìó ôóíêöèÿ ìîæåò èìåòü ýêñòðåìóì òîëüêî â òî÷êàõ, ãäå
y′ = 0, ò. å. x = 0.

Äëÿ îïðåäåëåíèÿ ïðîìåæóòêîâ ìîíîòîííîñòè è òî÷åê ýêñòðåìóìà ãðà-
ôèêà ôóíêöèè ïîñòðîèì òàáëèöó (ñì. òàáëèöó 3), âûäåëÿÿ òî÷êè, â êîòî-

Òàáëèöà 3 � Èññëåäîâàíèå ôóíêöèè íà ìîíîòîííîñòü

x (−∞; 0) 0 (0; 3) 3 (3;+∞)

y′ − 0 + ̸ ∃ −
y ↘ min ↗ ̸∃ ↘

ðûõ ïðîèçâîäíàÿ ðàâíà íóëþ èëè íå ñóùåñòâóåò (ïîâåäåíèå ôóíêöèè ìîæåò
èçìåíèòüñÿ êàê â òî÷êàõ ýêñòðåìóìà, òàê è â òî÷êàõ ðàçðûâà).

Èç òàáëèöû 2 âèäíî, ÷òî ôóíêöèÿ âîçðàñòàåò ïðè x ∈ (0; 3) è óáûâàåò
ïðè x ∈ (−∞; 0)∪ (3;+∞). Âû÷èñëèì çíà÷åíèÿ ôóíêöèè â òî÷êå ìèíèìó-
ìà: y(0) = 0.

6) Íàéäåì èíòåðâàëû âûïóêëîñòè è âîãíóòîñòè ãðàôèêà ôóíêöèè, à
òàêæå òî÷êè ïåðåãèáà.

y′′ =

(
−6x

(x− 3)3

)′
= −6

(
x · (x− 3)−3

)′
= −6

(
(x− 3)−3 − 3x(x− 3)−4

)
=

= −6(x− 3)−4(x− 3− 3x) =
6(2x+ 3)

(x− 3)4
.

Âòîðàÿ ïðîèçâîäíàÿ òàêæå ñóùåñòâóåò è êîíå÷íà âî âñåõ òî÷êàõ îáëàñòè
îïðåäåëåíèÿ ôóíêöèè, ïîýòîìó ¾ïîäîçðèòåëüíûå¿ íà ïåðåãèá òî÷êè íàõî-
äÿòñÿ èç óñëîâèÿ y′′ = 0. Ðåøàÿ óðàâíåíèå 2x+ 3 = 0, íàõîäèì x = −1, 5.

Äëÿ îïðåäåëåíèÿ íàïðàâëåíèÿ âûïóêëîñòè ãðàôèêà ôóíêöèè ñòðîèì
òàáëèöó (ñì. òàáëèöó 4). Çàìåòèì, ÷òî â òàáëèöó íóæíî âêëþ÷àòü è òî÷êó

Òàáëèöà 4 � Èññëåäîâàíèå ôóíêöèè íà ìîíîòîííîñòü

x (−∞; 1, 5) −1, 5 (1, 5; 3) 3 (3;+∞)

y′′ − 0 + ̸ ∃ +

y ∩ ïåðåãèá ∪ ̸∃ ∪

ðàçðûâà, ïîòîìó ÷òî èçìåíåíèå íàïðàâëåíèÿ âûïóêëîñòè ìîæåò ïðîèñõî-
äèòü, êàê â òî÷êàõ ïåðåãèáà, òàê è â òî÷êàõ ðàçðûâà.
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Èòàê, ãðàôèê ôóíêöèè áóäåò âûïóêëûì ïðè x ∈ (−∞;−1, 5) è âîãíó-
òûì ïðè x ∈ (−1, 5; 3)∪(3;+∞). Òî÷êà −1, 5 ÿâëÿåòñÿ òî÷êîé ïåðåãèáà ãðà-

ôèêà ôóíêöèè, ïðè÷åì y′(−1, 5) = − 8

81
, ò. å. ïåðåãèá ïîä óãëîì − arctg 8

81 ,

çíà÷åíèå ôóíêöèè â òî÷êå ïåðåãèáà y(−1, 5) =
1

9
.

7) Èñïîëüçóÿ ðåçóëüòàòû èññëåäîâàíèÿ, ñòðîèì ãðàôèê ôóíêöèè (ñì.
ðèñóíîê 7). Ïîëîæåíèå ïðàâîé âåòâè ãðàôèêà îïðåäåëÿåòñÿ òîëüêî âåðòè-
êàëüíîé è ãîðèçîíòàëüíîé àñèìïòîòàìè, ÷òî íåäîñòàòî÷íî. Ïîýòîìó íàé-
äåì äîïîëíèòåëüíûõ òî÷êè íà ãðàôèêå, ïîñ÷èòàâ çíà÷åíèÿ ôóíêöèè â íåêî-
òîðûõ òî÷êàõ:

y(6) = 4, y(9) =
9

4
.

Ðèñóíîê 7 � Ãðàôèê ôóíêöèè y =
x2

(x− 3)2
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Êîíòðîëüíàÿ ðàáîòà � 4

Ñîäåðæàíèå ðàáîòû

Çàäàíèÿ �� 1, 2, 3

Âû÷èñëèòå îïðåäåëåííûå èíòåãðàëû.

Çàäàíèå � 4

Âû÷èñëèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé çàäàííûìè ëèíèÿìè.

Çàäàíèå � 5

Âû÷èñëèòå äëèíó äóãè êðèâîé.

Óêàçàíèå.

Ïåðåä ðåøåíèåì çàäà÷ êîíòðîëüíîé ðàáîòû ðåêîìåíäóåòñÿ îçíàêîìèòü-
ñÿ ñî ñëåäóþùèìè ìåòîäè÷åñêèìè óêàçàíèÿìè:

1. Ãðóçäêîâ À.À. Òåõíèêà âû÷èñëåíèÿ îïðåäåëåííûõ èíòåãðàëîâ: ìåòî-
äè÷åñêèå óêàçàíèÿ. � ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2012.� 64 ñ.

2. Ñëîáîäèíñêàÿ, Ò. Â. Èíäèâèäóàëüíûå çàäàíèÿ ïî òåìå ¾Ïðèëîæå-
íèÿ îïðåäåëåííîãî èíòåãðàëà¿: ìåòîäè÷åñêèå óêàçàíèÿ / Ò.Â. Ñëî-
áîäèíñêàÿ, Â.Â. Áåðåçíèêîâà, Ï.Å. Áàñêàêîâà, Í.Ì. Êëèìîâèöêàÿ,
À.Í. Ïàóëüñåí.� ÑÏá.: ÑÏáÃÒÈ(ÒÓ), 2006.� 52 ñ.

Óñëîâèÿ çàäà÷

Âàðèàíò � 1.

1.

1∫
0

32−3x dx. 2.

π
2∫

0

(2x+ 1) cos 2x dx. 3.

6∫
1

dx

2 +
√
x+ 3

.

4. y =
x2

2
, y =

1

1 + x2
. 5.

{
x =

(
t2 − 2

)
· sin t+ 2t cos t,

y =
(
2− t2

)
· cos t+ 2t sin t.

Âàðèàíò � 2.

1.

1∫
0

x dx

x4 + 1
. 2.

1∫
0

(x+ 1) e2x dx. 3.

5∫
1

dx

2 +
√
x− 1

.
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4.

{
x = cos t,
y = 2 sin t,

y > 1. 5. y = ln
(
x2 − 1

)
, x ∈ [2; 3].

Âàðèàíò � 3.

1.

√
3∫

0

arctg2 x

1 + x2
dx. 2.

e∫
1

x lnx dx. 3.

2∫
−1

dx

3 +
√
x+ 2

.

4. y2 = x3;x = 2. 5.

{
x = 3 (cos t+ t sin t) ,
y = 3 (sin t− t cos t) ,

t ∈
[
0;

π

2

]

Âàðèàíò � 4.

1.

π
4∫

0

√
1 + tg x

cos2 x
dx. 2.

π
2∫

0

(1− 5x) sin x dx. 3.

8∫
3

dx

1−
√
x+ 1

.

4.

{
x = 2 (t− sin t) ,
y = 2 (1− cos t) ,

y > 3. 5. y = ln cos x, x ∈
[
0;

π

3

]
.

Âàðèàíò � 5.

1.

1
2∫

0

arcsinx√
1− x2

dx. 2.

1∫
0

(3x− 1)e3x dx. 3.

5∫
0

dx

2 +
√
x+ 4

.

4. y =
x2

4
; y =

8

x2 + 4
. 5.

 x =
t3

3
− t,

y = t2 + 2,
t ∈ [0; 3]

Âàðèàíò � 6.

1.

e∫
1

1 + lnx

x
dx. 2.

0∫
−2

(x+ 2) cosx dx. 3.

6∫
3

dx

2 +
√
x− 2

.

4.

{
x = 3 cos3 t,
y = 3 sin3 t,

t ∈
[
0;

π

4

]
. 5. y =

lnx

2
− x2

4
, x ∈ [1; 2] .
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Âàðèàíò � 7.

1.

ln 2∫
0

ex

1 + ex
dx. 2.

1∫
0

arctg x dx. 3.

7∫
2

dx√
x+ 2− 1

.

4. y = ex; x+ y = 1; x = 2. 5.

{
x = 8 sin t+ 6 cos t,
y = 6 sin t− 8 cos t,

t ∈
[
0;

π

4

]

Âàðèàíò � 8.

1.

ln 2∫
1

ex dx

1 + e2x
. 2.

π
8∫

1

(x− 1) sin 4x dx. 3.

7∫
0

dx

1 + 3
√
x+ 1

.

4.

{
x = 2 cos t,
y = sin t,

x 6 1. 5. y =
√

x− x2 − arccos
√
x, x ∈

[
1

9
;
1

4

]
.

Âàðèàíò � 9.

1.

π
2∫

π
4

(2 + ctg x)2

sin2 x
dx. 2.

1∫
0

xe−x dx. 3.

1∫
0

x dx

1 +
√
x
.

4. y = 2x; y = 2−x; y = 2. 5.

{
x = et (cos t+ sin t) ,
y = et (cos t− sin t) ,

t ∈ [0; π] .

Âàðèàíò � 10.

1.

e2∫
1

(2 + lnx)2

x
dx. 2.

e∫
1

(x+ 1) ln x dx. 3.

3∫
0

x

1 +
√
x+ 1

dx.

4.

{
x = 5 cos t,
y = 4 sin t,

y > 2. 5. y = ln sinx, x ∈
[π
6
;
π

2

]
.

Âàðèàíò � 11.

1.

π
2∫

0

cos2 x sinx dx. 2.

0∫
−3

(x+ 3) sin x dx. 3.

1∫
0

dx

2 + 3
√
x
.
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4. y =
1

x
; y = x; y =

x

9
(â I ÷åòâåðòè). 5.

{
x = 2 cos3 t,
y = 2 sin3 t,

t ∈
[
0;

π

2

]
.

Âàðèàíò � 12.

1.

1∫
0

ex
2

x dx. 2.

0∫
−4

(x+ 4) cos 2x dx. 3.

27∫
8

dx

1− 3
√
x
.

4.

{
x = 5 (t− sin t) ,
y = 5 (1− cos t) ,

y > 5. 5. y =
√

1− x2+arcsin x, x ∈
[
−5

9
; 0

]
.

Âàðèàíò � 13.

1.

π
2∫

0

sin3 x cosx dx. 2.

1∫
0

(1− 3x)e3x dx. 3.

9∫
1

dx

3 + 3
√
x− 1

.

4.
y = x2; y = −(x− 3)(x− 5);
y = 0; y = 1.

5.

{
x = et cos t,
y = et sin t,

t ∈
[
−π

4
;
π

2

]
.

Âàðèàíò � 14.

1.

1∫
0

x3 dx

1 + x4
. 2.

e∫
1

lnx dx. 3.

7∫
0

dx

1 + 3
√
x+ 1

.

4.

{
x = 4 cos t,
y = 5 sin t,

x > 2
√
2. 5. y = − arcsin

√
x−
√

x− x2, x ∈
[
−1

4
; 1

]
.

Âàðèàíò � 15.

1.

1∫
0

x2dx

1 + x6
. 2.

π∫
0

(2− 3x) sin 3x dx. 3.

25∫
6

dx

2 + 3
√
x+ 2

.

4.
y =

2

x
; y = 2x;

y =
x

2
(â I ÷åòâåðòè).

5.

{
x = et (cos t+ sin t) ,
y = et (cos t− sin t) ,

t ∈
[
0;

π

3

]
.
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Âàðèàíò � 16.

1.

1∫
0

x dx√
1 + x2

. 2.

1∫
0

(3x+ 1)e3x dx. 3.

3∫
0

√
x+ 1

3 +
√
x+ 1

dx.

4.

{
x = 3 cos t,
y = 4 sin t,

y > 2
√
3. 5. y =

ln 3x

2
− x2

4
, x ∈

[
1

2
; 1

]
.

Âàðèàíò � 17.

1.

e2∫
e

dx

x lnx
. 2.

π
2∫

0

(2x− 1) cos 2x dx. 3.

3∫
0

dx

4 +
√
x+ 1

.

4. y = 2+x3; y = |x|; x = 1. 5.

{
x = 2 (cos t+ t sin t) ,
y = 2 (sin t− t cos t) ,

t ∈ [0; π] .

Âàðèàíò � 18.

1.

e∫
1

dx

x
(
1 + ln2 x

) . 2.

π
2∫

0

(4x+ 1) sin 4x dx. 3.

26∫
7

dx

4 + 3
√
x+ 1

.

4.

{
x = 4 cos t,
y = 3 sin t,

x > 2
√
3. 5. y = e2x − 1, x ∈

[
1

4
ln

3

4
;
1

4
ln 2

]
.

Âàðèàíò � 19.

1.

√
π
2∫

0

x sinx2 dx. 2.

1∫
0

(4x+ 3)e4x dx. 3.

63∫
26

dx
3
√
x+ 1− 2

.

4. y = x3; y = −x3; y = 2−x2. 5.

{
x = 5 (2 cos t− cos 2t) ,
y = 5 (2 sin t− sin 2t) ,

t ∈
[
0;

π

6

]
.

Âàðèàíò � 20.

1.

√
e∫

1

dx

x
√

1− ln2 x
. 2.

2∫
0

(x− 2)e
x
2 dx. 3.

23∫
4

dx

3 + 3
√
x+ 4

.
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4.

{
x = 8 cos3 t,
y = 10 sin3 t,

x > 2
√
2. 5. y = ln (3 sin x) , x ∈

[π
4
;
π

3

]
.

Âàðèàíò � 21.

1.

π
2∫

0

cosx dx

4 + sin2 x
. 2.

0∫
−2

(x+ 2) sin
x

2
dx. 3.

5∫
4

dx

1 + 3
√
x− 4

.

4. y = x3; y = 2x3; x = 1. 5.

{
x =

(
t2 − 2

)
sin t+ 2t cos t,

y =
(
2− t2

)
cos t+ 2t sin t,

t ∈
[
0;

π

4

]
.

Âàðèàíò � 22.

1.

π
2∫

0

sinx dx

1 + cos2 x
. 2.

3∫
0

(x− 3) sin
x

3
dx. 3.

29∫
10

dx
3
√
x− 2− 1

.

4.

{
x = 6 cos t,
y = 3 sin t,

x 6 3
√
3. 5. y =

x2

4
−

ln
(
x3
)

6
, x ∈ [1; 3] .

Âàðèàíò � 23.

1.

√
3∫

0

x dx√
4− x2

. 2.

2∫
0

(2x+ 3)e
x
2 dx. 3.

1∫
0

√
x dx√
x+ 1

.

4. y =
√
x; y = 2

√
x; y = x. 5.

{
x = 6 sin t+ 5 cos t,
y = 5 sin t− 6 cos t,

t ∈ [0; π] .

Âàðèàíò � 24.

1.

√
π∫

0

x cosx2 dx. 2.

0∫
−1

(x+ 2) ln(x+ 2) dx. 3.

5∫
1

x dx√
4x+ 5

.

4.

{
x = 4 cos3 t,
y = 8 sin3 t,

y > 3
√
3. 5. y = − ln cos x, x ∈

[π
6
;
π

3

]
.
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Âàðèàíò � 25.

1.

√
π
2∫

0

x dx

cos2 x2
. 2.

π∫
0

(3x− 1) cos
x

3
dx. 3.

5∫
1

x+ 1√
2x− 1

dx.

4. y =
√
x; y = −2x3; x = 1. 5.

{
x = 3 (2 cos t− cos 2t) ,
y = 3 (2 sin t− sin 2t) ,

t ∈
[
0;

π

4

]
.

Ïðèìåðû ðåøåíèÿ çàäà÷

Âàðèàíò I

Âû÷èñëèòå èíòåãðàëû:

1.

3
√
π∫

0

x2 sinx3 dx . 2.

1∫
0

(4x+ 3)e4x dx. 3.

30∫
6

dx

3 +
√
x− 5

.

4. Âû÷èñëèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè:

4y = 8x− x2; 4y = x+ 6.

5. Âû÷èñëèòå äëèíó äóãè êðèâîé

Γ :

{
x = 2 cos t− cos 2t,
y = 2 sin t− sin 2t,

t ∈
[
0;

π

4

]
.

Ðåøåíèÿ

1. Èíòåãðàë ìîæåò áûòü ñâåäåí ê òàáëè÷íîìó ïîäâåäåíèåì ïîä çíàê äèô-
ôåðåíöèàëà.

3
√
π∫

0

x2 sinx3 dx =

[
x2dx =

1

3
d
(
x3
)]

=
1

3

3
√
π∫

0

sinx3 d
(
x3
)
=

=

[∫
sin t dt = − cos t+ C

]
= − 1

3
cosx3

∣∣∣∣ 3
√
π

0

= −1

3
(cosπ − cos 0) =

= −1

3
(−1− 1) =

2

3
.
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2. Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì

b∫
a

udv = uv

∣∣∣∣b
a

−
b∫

a

vdu.

1∫
0

(4x+ 3)e4x dx =

[
u = 4x+ 3, du = (4x+ 3)′dx = 4dx,
dv = e4xdx, v =

∫
e4xdx = 1

4

∫
e4xd(4x) = 1

4e
4x

]
=

=
(4x+ 3)e4x

4

∣∣∣∣1
0

−
1∫

0

4 · 1
4
e4x dx =

7e4 − 3

4
− 1

4
e4x
∣∣∣∣1
0

=

=
1

4

(
7e4 − 3− e4 + 1

)
=

3e4 − 1

2
.

3. Âû÷èñëèì èíòåãðàë ñ ïîìîùüþ çàìåíû ïåðåìåííîé:

t = 3 +
√
x− 5, x = (t− 3)2 + 5, dx =

(
(t− 3)2 + 5

)′
dt = 2(t− 3)dt.

x = 6 7−→ t = 3 +
√
6− 5 = 4, x = 30 7−→ t = 3 +

√
30− 5 = 8.

30∫
6

dx

3 +
√
x− 5

=

8∫
4

2(t− 3) dt

t
= 2

8∫
4

(
1− 3

t

)
dt =

= 2 (t− 3 ln |t|)
∣∣∣∣8
4

= 2 (8− 3 ln 8− 4 + 3 ln 4) = 2

(
4− 3 ln

8

4

)
= 8− ln 64.

4. Ôèãóðà îãðàíè÷åíà ïàðàáîëîé 4y = 8x − x2 è ïðÿìîé 4y = x + 6 (ñì.
ðèñóíîê 8). Íàéäåì àáñöèññû òî÷åê ïåðåñå÷åíèÿ ýòèõ ëèíèé, îíè, î÷åâèäíî,
áóäóò êîðíÿìè êâàäðàòíîãî óðàâíåíèÿ:

8x− x2 = x+ 6 ⇐⇒ x2 − 7x+ 6 = 0.

Îòñþäà x1 = 1, x2 = 6. Òîãäà

S(D) =

6∫
1

(
8x− x2

4
− x+ 6

4

)
dx =

1

4

6∫
1

(
−x2 + 7x− 6

)
dx =

=
1

4

(
−x3

3
+

7x2

2
− 6x

)∣∣∣∣6
1

=
1

4

(
−72 +

1

3
+ 126− 7

2
− 36 + 6

)
=

125

24
= 5

5

24
.
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Ðèñóíîê 8 � Ê çàäà÷å 4.

5. Äëÿ âû÷èñëåíèÿ äëèíû äóãè âîñïîëüçóåìñÿ ôîðìóëîé

L(Γ) =

β∫
α

√
(x′(t))2 + (y′(t))2 dt.

Âû÷èñëèì ïðîèçâîäíûå:

x′(t) = (2 cos t− cos 2t)′ = −2 sin t+ 2 sin 2t = 2 (sin 2t− sin t) ;

y′(t) = (2 sin t− sin 2t)′ = 2 cos t− 2 cos 2t = 2 (cos t− cos 2t) .

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ôîðìóëó, ïîëó÷àåì

L(Γ) = 2

π
4∫

0

√
(sin 2t− sin t)2 + (cos t− cos 2t)2 dt =

= 2

π
4∫

0

√
sin2 2t− 2 sin t sin 2t+ sin2 t+ cos2 t− 2 cos t cos 2t+ cos2 2t dt =
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= 2

π
4∫

0

√
2 (1− (cos t cos 2t+ sin t sin 2t)) dt = 2

√
2

π
4∫

0

√
1− cos t dt =

= 2
√
2

π
4∫

0

√
2 sin2

t

2
dt = 4

π
4∫

0

sin
t

2
dt = 8

π
4∫

0

sin
t

2
d

(
t

2

)
= − 8 cos

t

2

∣∣∣∣
π
4

0

=

= −8
(
cos

π

8
− cos 0

)
= 8

(
1− cos

π

8

)
.

Âàðèàíò II

Âû÷èñëèòå èíòåãðàëû:

1.

√
3∫

0

dx

(1 + x2) arctg x
. 2.

1∫
1
2

(2x− 1) ln x dx. 3.

2∫
1

dx

5 + 3
√
x− 1

.

4. Âû÷èñëèòå ïëîùàäü ôèãóðû, îãðàíè÷åííîé ëèíèÿìè:{
x = 5 (t− sin t) ,
y = 5 (1− cos t) ,

y >
√
5.

5. Âû÷èñëèòå äëèíó äóãè êðèâîé

Γ : y =
x4

8
+

1

4x2
, x ∈ [1; 3].

Ðåøåíèÿ

1. Èíòåãðàë ìîæåò áûòü ñâåäåí ê òàáëè÷íîìó ïîäâåäåíèåì ïîä çíàê äèô-
ôåðåíöèàëà.

√
3∫

0

dx

(1 + x2) arctg x
=

[
1

x2 + 1
dx = d (arctg x)

]
=

√
3∫

0

d arctg x

arctg x
=

= ln |arctg x|
∣∣∣∣
√
3

1

= ln arctg
√
3− ln arctg 1 = ln

π

3
− ln

π

4
= ln

π/3

π/4
= ln

4

3
.

2. Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì

b∫
a

udv = uv

∣∣∣∣b
a

−
b∫

a

vdu.
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1∫
1
2

(2x− 1) ln x dx =

[
u = lnx, du = (ln x)′dx = dx

x ,

dv = (2x− 1)dx, v =
∫
(2x− 1) dx = x2 − x

]
=

=
(
x2 − x

)
lnx

∣∣∣∣11
2

−
1∫

1
2

x2 − x

x
dx = −

(
1

4
− 1

2

)
ln

1

2
−

1∫
1
2

(x− 1) dx =

= − ln 2

4
− (x− 1)2

2

∣∣∣∣11
2

= − ln 2

4
+

1

8
.

3. Âû÷èñëèì èíòåãðàë ñ ïîìîùüþ çàìåíû ïåðåìåííîé:

t = 5 + 3
√
x− 1, x = (t− 5)3 + 1, dx =

(
(t− 5)3 + 5

)′
dt = 3(t− 5)2dt.

x = 1 7−→ t = 5 + 3
√
1− 1 = 5, x = 2 7−→ t = 5 + 3

√
2− 1 = 6.

2∫
1

dx

5 + 3
√
x− 1

=

6∫
5

3(t− 5)2 dt

t
= 3

6∫
5

t2 − 10t+ 25

t
dt =

= 3

6∫
5

(
t− 10 +

25

t

)
dt = 3

(
t2

2
− 10t+ 25 ln |t|

)∣∣∣∣6
5

=

= 3

(
18− 25

2
− 60 + 50 + 25 ln 6− 25 ln 5

)
= 75 ln

6

5
− 27

2
.

4. Ôèãóðà îãðàíè÷åíà äóãîé àðêè öèêëîèäû è ïðÿìîé y = 5 (ñì. ðèñó-
íîê 9).

Èç óñëîâèÿ y > 5 ïîëó÷àåì:

5 (1− cos t) > 5 ⇐⇒ 1− cos t > 1 ⇐⇒ cos t 6 0.

Â ïðåäåëàõ îäíîãî ïåðèîäà ýòîìó íåðàâåíñòâó óäîâëåòâîðÿþò çíà÷åíèÿ ïà-

ðàìåòðà t èç èíòåðâàëà

[
π

2
;
3π

2

]
.

Âîñïîëüçóåìñÿ ôîðìóëîé äëÿ íàõîæäåíèÿ ïëîùàäè ôèãóðû, çàêëþ÷åí-
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Ðèñóíîê 9 � Ê çàäà÷å 4.

íîé ìåæäó äâóìÿ ëèíèÿìè, è ïåðåéäåì ê èíòåãðàëó ïî ïàðàìåòðó:

S(D) =

x2∫
x1

(y(x)− 5) dx =

 y = 5(1− cos t),
x = 5(t− sin t),
dx = 5(1− cos t)dt

 =

=

3π
2∫

π
2

(5(1− cos t)− 5) 5(1− cos t)dt = −25

3π
2∫

π
2

cos t(1− cos t)dt =

= −25

3π
2∫

π
2

(
cos t− cos2 t

)
dt = 25

(
− sin t

∣∣∣∣
3π
2

π
2

+

3π
2∫

π
2

cos2 tdt

)
=

= 25

(
2 +

1

2

3π
2∫

π
2

(1 + cos 2t) dt

)
= 50 +

25

2

(
3π

2
− π

2

)
+

25

4

3π
2∫

π
2

cos 2t d(2t) =

= 50 +
25π

2
+

25

4
· sin 2t

∣∣∣∣
3π
2

π
2

= 50 +
25π

2
+ 0 = 50 +

25π

2
.
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5. Äëÿ âû÷èñëåíèÿ äëèíû âîñïîëüçóåìñÿ ôîðìóëîé

L(Γ) =

b∫
a

√
1 + (y′(x))2 dx.

Âû÷èñëèì ïðîèçâîäíóþ:

y′ =

(
x4

8
+

1

4x2

)′

=
1

8

(
x4
)′
+

1

4

(
x−2
)′
=

1

2
· x3 − 1

2
· x−3 =

1

2

(
x3 − 1

x3

)
.

Âû÷èñëèì è óïðîñòèì ïîäêîðåííîå âûðàæåíèå:

1 + (y′)
2
= 1 +

1

4

(
x3 − 1

x3

)2

=
1

4

(
4 +

(
x6 − 2 +

1

x6

))
=

=
1

4

(
x6 + 2 +

1

x6

)
=

1

4

(
x3 +

1

x3

)2

=

(
x3 + x−3

2

)2

,

îòêóäà î÷åâèäíî, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ðàâíà√
1 + (y′)2 =

1

2

(
x3 + x−3

)
(ñ ó÷åòîì òîãî, ÷òî x ïðèíèìàåò òîëüêî ïîëîæèòåëüíûå çíà÷åíèÿ).

Âû÷èñëÿåì èíòåãðàë è íàõîäèì äëèíó êðèâîé:

L(Γ) =
1

2

3∫
1

(
x3 + x−3

)
dx =

1

2

(
x4

4
− x−2

2

)∣∣∣∣3
1

=
1

8

(
x4 − 2

x2

)∣∣∣∣3
1

=

=
1

8

(
81− 2

9
− 1 + 2

)
=

1

4

(
41− 1

9

)
=

92

9
= 10

2

9
.
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Ïðèëîæåíèå A

(ñïðàâî÷íîå)

Îñíîâíûå îïåðàöèè íàä êîìïëåêñíûìè ÷èñëàìè

Ïîíÿòèå êîìïëåêñíîãî ÷èñëà

Ìíîæåñòâîì êîìïëåêñíûõ ÷èñåë (C) íàçûâàåòñÿ ìíîæåñòâî óïîðÿäî÷åí-
íûõ ïàð âåùåñòâåííûõ (äåéñòâèòåëüíûõ) ÷èñåë, íàä êîòîðûìè îïðåäåëåíû
îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ ïî ñëåäóþùèì ïðàâèëàì:

z1 = (x1; y1) , z2 = (x2; y2)

z1 + z2 = (x1 + x2; y1 + y2) , z1 · z2 = (x1x2 − y1y2;x1y2 + x2y1) .

Ïóñòü z = (a; b), òîãäà

a = Re z âåùåñòâåííàÿ (äåéñòâèòåëüíàÿ) ÷àñòü êîìïëåêñíîãî ÷èñëà;

b = Im z ìíèìàÿ ÷àñòü êîìïëåêñíîãî ÷èñëà;√
a2 + b2 = |z| ìîäóëü êîìïëåêñíîãî ÷èñëà;

(a;−b) = z̄ êîìïëåêñíîå ñîïðÿæåíèå;

(0; 1) = i ìíèìàÿ åäèíèöà.

Î÷åâèäíî, ÷òî i2 = i · i = −1.
Âåùåñòâåííûå ÷èñëà îòîæäåñòâëÿþòñÿ ñ êîìïëåêñíûìè ÷èñëàìè, èìåþ-

ùèìè íóëåâóþ ìíèìóþ ÷àñòü. Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî R ⊂ C,
è, ÷òî ìíîæåñòâî êîìïëåêñíûõ ÷èñåë ÿâëÿåòñÿ ðàñøèðåíèåì ìíîæåñòâà
âåùåñòâåííûõ.

Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ êîìïëåêñíîãî ÷èñëà

Êîìïëåêñíîå ÷èñëî èçîáðàæàåòñÿ òî÷êîé ïëîñêîñòè (¾êîìïëåêñíàÿ ïëîñ-
êîñòü¿). Âåùåñòâåííàÿ è ìíèìàÿ ÷àñòè ñîîòâåòñòâóþò äåêàðòîâûì êîîðäè-
íàòàì òî÷êè, à ïåðåõîä ê òðèãîíîìåòðè÷åñêîé ôîðìå (ñì. íèæå) ñîîòâåò-
ñòâóåò ââåäåíèþ â êîìïëåêñíîé ïëîñêîñòè ïîëÿðíîé ñèñòåìû êîîðäèíàò.
Ãåîìåòðè÷åñêèé ñìûñë îñíîâíûõ õàðàêòåðèñòèê ìîæíî ïîíÿòü èç ðèñóí-
êà 10.

Àëãåáðàè÷åñêàÿ ôîðìà

Àëãåáðàè÷åñêàÿ ôîðìà êîìïëåêñíîãî ÷èñëà: z = a+ ib, ãäå a, b ∈ R, i �
ìíèìàÿ åäèíèöà.

67



Ðèñóíîê 10 � Ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ êîìïëåêñíûõ ÷èñåë

Ñëîæåíèå â àëãåáðàè÷åñêîé ôîðìå: (a+ ib)+ (c+ id) = (a+ b)+ (c+d)i.
Óìíîæåíèå â àëãåáðàè÷åñêîé ôîðìå:

(a+ ib) · (c+ id) = ac+ ibc+ iad+ i2bd = (ac− bd) + (ad+ bc)i.

Äåëåíèå â àëãåáðàè÷åñêîé ôîðìå:

a+ ib

c+ id
=

(a+ ib)(c− id)

(c+ id)(c− id)
=

(ac+ bd) + (bc− ad)i

c2 + d2
=

ac+ bd

c2 + d2
+

bc− ad

c2 + d2
i.

Âîçâåäåíèå â ñòåïåíü â àëãåáðàè÷åñêîé ôîðìå (áèíîì Íüþòîíà):

(a+ bi)n =
n∑

k=0

Ck
na

n−k(ib)k, Ck
n =

n!

k!(n− k)!
.

(a+bi)n = an+nan−1(ib)+
n(n− 1)

2
an−1(ib)2+ · · ·+na(ib)n−1+ · · ·+(ib)n.

Ñòåïåíè ìíèìîé åäèíèöû:

i0 = 1; i1 = 1, i2 = −1; i3 = −i; i4 = 1; . . .

ip+4k = ip (k, p ∈ Z).

Òðèãîíîìåòðè÷åñêàÿ ôîðìà

Òðèãîíîìåòðè÷åñêàÿ ôîðìà êîìïëåêñíîãî ÷èñëà: z = |z| (cosφ+ i sinφ),
ãäå φ = Arg z (àðãóìåíò êîìïëåêñíîãî ÷èñëà).

Arg z = arg z + 2πk,
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ãäå −π < arg z 6 π � ãëàâíîå çíà÷åíèå àðãóìåíòà, k ∈ Z.
Óìíîæåíèå â òðèãîíîìåòðè÷åñêîé ôîðìå:

z1 · z2 = |z1| (cosφ1 + i sinφ1) · |z2| (cosφ2 + i sinφ2) =

= |z1| |z2| (cos (φ1 + φ2) + i sin (φ1 + φ2)) .

Äåëåíèå â òðèãîíîìåòðè÷åñêîé ôîðìå:

z1
z2

=
|z1|
|z2|

(cos (φ1 − φ2) + i sin (φ1 − φ2)) .

Âîçâåäåíèå â ñòåïåíü â òðèãîíîìåòðè÷åñêîé ôîðìå (ôîðìóëà Ìóàâðà):

zn = (|z| (cosφ+ i sinφ))n = |z|n (cosnφ+ i sinnφ) , n ∈ Z.

Ïîêàçàòåëüíàÿ ôîðìà

Ïåðåõîä ê ïîêàçàòåëüíîé ôîðìå îñóùåñòâëÿåòñÿ ÷åðåç òðèãîíîìåòðè÷å-
ñêóþ ïðèìåíåíèåì ôîðìóëû Ýéëåðà:

cosφ+ i sinφ = eiφ

Ïîêàçàòåëüíàÿ ôîðìà êîìïëåêñíîãî ÷èñëà: z = |z|eiφ, φ = arg z.
Îïåðàöèè íàä êîìïëåêñíûìè ÷èñëàìè, çàäàííûìè â ïîêàçàòåëüíîé ôîð-

ìå:

|z1| eiφ1 · |z2| eiφ2 = |z1| |z1| ei(φ1+φ2);
|z1| eiφ1

|z2| eiφ2
=

|z1|
|z1|

ei(φ1−φ2);(
|z| eiφ

)n
= |z|n einφ, n ∈ Z.

Êîðåíü èç êîìïëåêñíîãî ÷èñëà

Ïîä êîðíåì èç êîìïëåêñíîãî ÷èñëà n
√
a ïîíèìàåòñÿ ìíîæåñòâî ðåøåíèé

óðàâíåíèÿ
zn = a.

Åñëè ÷èñëî a çàäàíî â ïîêàçàòåëüíîé èëè òðèãîíîìåòðè÷åñêîé ôîðìå

a = r (cosφ+ i sinφ) = reiφ (r = |a|, φ = arg a),

òî, ïîëüçóÿñü ôîðìóëîé Ìóàâðà, ìîæíî ïîêàçàòü, ÷òî ïðè a ̸= 0 óðàâíåíèå
èìååò ðîâíî n ðàçëè÷íûõ ðåøåíèé, êîòîðûå çàäàþòñÿ ôîðìóëîé

zk =
n
√

|a| ·
(
cos

(
φ+ 2πk

n

)
+ i sin

(
φ+ 2πk

n

))
= n
√

|a| · e
φ+2πk

n i
,

ãäå k = 0, 1, . . . , n − 1, à ïîä n
√
|a| ïîíèìàåòñÿ àðèôìåòè÷åñêèé êîðåíü èç

íåîòðèöàòåëüíîãî âåùåñòâåííîãî ÷èñëà.
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ÏÐÈËÎÆÅÍÈÅ B

(ñïðàâî÷íîå)

Íåêîòîðûå ôîðìóëû ìàòåìàòè÷åñêîãî àíàëèçà

Òàáëèöà ýêâèâàëåíòíûõ áåñêîíå÷íî ìàëûõ

Ïðè α(x) → 0:

sinα(x) ∼ α(x);

tgα(x) ∼ α(x);

arcsinα(x) ∼ α(x);

arctgα(x) ∼ α(x);

1− cosα(x) ∼ α2(x)

2
;

ln (1 + α(x)) ∼ α(x);

eα(x) − 1 ∼ α(x);

aα(x) − 1 ∼ α(x) · ln a;

(1 + α(x))m − 1 ∼ m · α(x).

Òàáëèöà ïðîèçâîäíûõ

1. (C)′ = 0.

2. (xp)′ = pxp−1.

3. (ex)′ = ex.

(ax)′ = ax ln a, (a > 0, a ̸= 1).

4. (lnx)′ =
1

x
.

(loga x)
′ =

1

x ln a
, (a > 0, a ̸= 1).

5. (sinx)′ = cos x.

6. (cosx)′ = − sinx.
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7. (tg x)′ =
1

cos2 x

8. (ctg x)′ = − 1

sin2 x
.

9. (arcsinx)′ =
1√

1− x2
.

10. (arccosx)′ = − 1√
1− x2

.

11. (arctg x)′ =
1

x2 + 1
.

12. (arcctg x)′ = − 1

x2 + 1
.

Òàáëèöà äèôôåðåíöèàëîâ

Äàëåå u � äèôôåðåíöèðóåìàÿ ôóíêöèÿ, a, p ∈ R.

1. d (C) = 0.

2. d (up) = pup−1 du.

3. d (eu) = eu du.

d (au) = au ln a du, (a > 0, a ̸= 1).

4. d (ln u) =
du

u
.

d (loga u) =
du

u ln a
, (a > 0, a ̸= 1).

5. d (sin u) = cos u du.

6. d (cos u) = − sinu du.

7. d (tg u) =
du

cos2 u

8. d (ctg u) = − du

sin2 u
.

9. d (arcsin u) =
du√
1− u2

.

10. d (arccosu) = − du√
1− u2

.

11. d (arctg u) =
du

u2 + 1
.

12. d (arcctg u) = − du

u2 + 1
.
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Ïðàâèëà äèôôåðåíöèðîâàíèÿ

Äàëåå f , g, φ, u, v � äèôôåðåíöèðóåìûå ôóíêöèè, α, β ∈ R.

(αf(x) + βg(x))′ = αf ′(x) + βg′(x).

(f(x) · g(x))′ = f ′(x) · g(x) + f(x) · g′(x).(
f(x)

g(x)

)′
=

f ′(x) · g(x)− f(x) · g′(x)
(g(x))2

.

(f (φ(x)))′ = f ′ (φ((x)) · φ′(x).

d (αu+ βv) = αdu+ βdv.

d (u · v) = vdu+ udv.

d
(u
v

)
=

vdu− udv

v2
.

Òàáëèöà íåîïðåäåë¼ííûõ èíòåãðàëîâ

1.

∫
xp dx =

xp+1

p+ 1
+ C, (p ̸= −1).

2.

∫
dx

x
= ln |x|+ C.

3.

∫
ex dx = ex + C.∫
ax dx =

ax

ln a
+ C, (a > 0, a ̸= 1).

4.

∫
cosx dx = sin x+ C.

5.

∫
sinx dx = − cosx+ C.

6.

∫
dx

cos2 x
= tg x+ C.

7.

∫
dx

sin2 x
= − ctg x+ C.

8.

∫
dx

x2 + 1
= arctg x+ C.

72



9.

∫
dx√
1− x2

= arcsin x+ C.

10.

∫
dx

x2 + a2
=

1

a
arctg

x

a
+ C, a ̸= 0.

11.

∫
dx√

a2 − x2
= arcsin

x

a
+ C, a ̸= 0.

12.

∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣x− a

x+ a

∣∣∣∣+ C, a ̸= 0.

13.

∫
dx√

x2 +m
= ln

∣∣∣x+
√

x2 +m
∣∣∣+ C, m ̸= 0.

Îïðåäåëåííûå èíòåãðàëû

Ôîðìóëà Íüþòîíà-Ëåéáíèöà:

b∫
a

f(x)dx = F (x)

∣∣∣∣b
a

= F (b)− F (a), ãäå F ′(x) = f(x).

Èíòåãðèðîâàíèå ïî ÷àñòÿì:

b∫
a

u dv = uv

∣∣∣∣b
a

−
b∫

a

v du.

Çàìåíà ïåðåìåííîé (φ � äèôôåðåíöèðóåìàÿ ñòðîãî ìîíîòîííàÿ ôóíê-
öèÿ):

b∫
a

f(x) dx =

β∫
α

f (φ(t))φ′(t) dt,

ãäå α = φ−1(a), β = φ−1(b), ò. å. a = φ(α), b = φ(β).

Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ èíòåãðàëà

Ïëîùàäü ìåæäó ãðàôèêàìè äâóõ íåïðåðûâíûõ ôóíêöèé

Ïóñòü D � îáëàñòü, îãðàíè÷åííàÿ ëèíèÿìè

y = f(x), y = g(x), , x = a, x = b,

ïðè÷åì f è g íåïðåðûâíû íà îòðåçêå [a; b] è ∀x ∈ [a; b] f(x) 6 g(x) (ñì.
ðèñóíîê 11). Òîãäà ïëîùàäü îáëàñòè D íàõîäèòñÿ ïî ôîðìóëå
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Ðèñóíîê 11 � Ïëîùàäü, çàêëþ÷¼ííàÿ ìåæäó ãðàôèêàìè äâóõ ôóíêöèé

S(D) =

b∫
a

(g(x)− f(x)) dx.

Äëèíà êðèâîé (ÿâíîå çàäàíèå)

Ïóñòü ëèíèÿ Γ çàäàíà óðàâíåíèåì y = f(x), ãäå f � äèôôåðåíöèðóå-
ìàÿ ôóíêöèÿ. Òîãäà äëèíà ó÷àñòêà ëèíèè, ñîîòâåòñòâóþùàÿ a 6 x 6 b,
íàõîäèòñÿ ïî ôîðìóëå

L(Γ) =

b∫
a

√
1 + (y′(x))2 dx.

Äëèíà ïàðàìåòðè÷åñêè çàäàííîé êðèâîé

Ïóñòü ëèíèÿ Γ çàäàíà óðàâíåíèÿìè

Γ :

{
x = x(t)
y = y(t)

t ∈ [α; β],

ãäå x(t), y(t) � äèôôåðåíöèðóåìûå ôóíêöèè. Òîãäà

L(Γ) =

β∫
α

√
(x′(t))2 + (y′(t))2 dt.
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